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SPECTRAL CONVERGENCE UNDER BOUNDED RICCI
CURVATURE
SHOUHEI HONDA
Abstract. For a noncollapsed Gromov-Hausdorff convergent sequence of Riemannian
manifolds with a uniform bound of Ricci curvature, we establish two spectral conver-
gence. One of them is on the Hodge Laplacian acting on differential one-forms. The
other is on the connection Laplacian acting on tensor fields of every type, which include
all differential forms. These are sharp generalizations of Cheeger-Colding’s spectral con-
vergence of the Laplacian acting on functions to the cases of tensor fields and differential
forms. These spectral convergence have two direct corollaries. One of them is to give
new bounds on such eigenvalues, in terms of bounds on volume, diameter and the Ricci
curvature. The other is that we show the upper semicontinuity of the first Betti num-
bers with respect to the Gromov-Hausdorff topology, and give the equivalence between
the continuity of them and the existence of a uniform spectral gap. On the other hand
we also define measurable curvature tensors of the noncollapsed Gromov-Hausdorff limit
space of a sequence of Riemannian manifolds with a uniform bound of Ricci curvature,
which include Riemannian curvature tensor, the Ricci curvature, and the scalar curva-
ture. As fundamental properties of our Ricci curvature, we show that the Ricci curvature
coincides with the difference between the Hodge Laplacian and the connection Lapla-
cian, and is compatible with Gigli’s one and Lott’s Ricci measure. Moreover we prove a
lower bound of the Ricci curvature is compatible with a reduced Riemannian curvature
dimension condition. We also give a positive answer to Lott’s question on the behavior of
the scalar curvature with respect to the Gromov-Hausdorff topology by using our scalar
curvature.
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1. Introduction
In this paper we study the spectral behavior of the Hodge Laplacian and the connection
Laplacian with respect to the Gromov-Hausdorff topology. The spectral behavior of the
Laplacian ∆ acting on functions was first studied in [Fuky87] by Fukaya. He gave the
definition of measured Gromov-Hausdorff convergence and proved the continuity of k-th
eigenvalues λk of ∆:
λk(Xi)→ λk(X) (1)
as i→∞ for a measured Gromov-Hausdorff convergent sequence(
Xi,
Hn
Hn(Xi)
)
GH→ (X, υ)
under a uniform bound of the sectional curvature:
|SecXi | ≤ C <∞, (2)
where Xi is an n-dimensional closed Riemannian manifold, H
n is the n-dimensional Haus-
dorff measure, and (X, υ) is a compact metric measure space. He also conjectured that
the spectral convergence (1) holds even if we replace the assumption (2) by a uniform
lower bound of the Ricci curvature:
RicXi ≥ C ′ > −∞.
This conjecture was proved in [ChC00b] by Cheeger-Colding and is extended to the case of
RCD-spaces in [GMS13] by Gigli-Mondino-Savare´. Moreover similar spectral convergence
of other differential operators acting on functions, which include the Schro¨dinger operator,
the p-Laplacian, and the ∂-Laplacian, are also known. See [FHS15, H13, H14b].
It is worth pointing out that the spectral convergence (1) holds even if the sequence
is collapsed (i.e. lim inf i→∞ dimXi > dimX holds). However for a collapsed sequence
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the spectral convergence of the Hodge Laplacian does not hold in general. We give an
example.
Let us consider the following setting which is a collapsing of normalized flat tori:(
S1(1)× S1(r), H
2
4π2r
)
GH→
(
S1(1),
H1
2π
)
as r → 0, where S1(r) denotes the circle of the length 2πr. Since Hodge theory states that
the first Betti number b1 coincides with the dimension of the space of harmonic 1-forms,
we see that b1(S
1(1)× S1(r)) = 2 yields λH,12 (S1(1) × S1(r)) = 0 and that b1(S1(1)) = 1
yields λH,12 (S
1(1)) > 0, where λH,1k denote the k-th eigenvalue, counted with multiplicities,
of the Hodge Laplacian ∆H,1 acting on differential one-forms. In particular
lim
r→0
λH,12
(
S1(1)× S1(r)) < λH,12 (S1(1)) .
Note that since the spaces above are flat, Bochner’s formula yields that the Hodge Lapla-
cian coincides with the connection Laplacian:
∆C,1 := ∇∗∇,
where ∇ is the covariant derivative and ∇∗ is the adjoint operator. This example tells
us that the noncollapsing assumption is essential in order to establish the spectral con-
vergence of the Hodge Laplacian. See for instance [L07, L15] by Lott for studies of the
spectral convergence of differential forms in this direction.
Our setting in this paper is the following.
Let n ∈ N, d, v ∈ (0,∞), K1, K2 ∈ R, letM :=M(n, d,K1, K2, v) be the set of (isome-
try classes of) n-dimensional closed Riemannian manifoldsM with diamM ≤ d,Hn(M) ≥
v and
K1 ≤ RicM ≤ K2, (3)
where diamM denotes the diameter of M , and let M :=M(n, d,K1, K2, v) be the set of
Gromov-Hausdorff limits of sequences in M. Gromov’s compactness theorem in [Gr81]
states that M is compact with respect to the Gromov-Hausdorff topology. Moreover
Cheeger-Colding’s volume convergence theorem in [ChC97] (see also [C97]) with Bishop’s
inequality yields the following.
• For every X ∈ M,
v ≤ Hn(X) ≤ C(n,K1, d) <∞,
where C(n,K1, d) is a positive constant depending only on n,K1, d.
• If Xi Gromov-Hausdorff converges to X (we denote it by Xi GH→ X for short) in
M, then (Xi, Hn) GH→ (X,Hn) in the measured Gromov-Hausdorff sense. Thus
we always consider Hn as a standard measure on X .
A main result of this paper is the following.
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Theorem 1.1 (Spectral convergence of ∆H,1 and ∆C,1). Let X ∈ M. We have the
following.
(i) (Ricci curvature) There exists a canonical symmetric L∞- tensor
RicX ∈ L∞(T ∗X ⊗ T ∗X),
called Ricci curvature, with
K1 ≤ RicX ≤ K2
on X a.e. sense (we give the precise meaning of ‘canonical’ in subsection 1.2).
(ii) (Weitzenbo¨ck formula) Let us denote by D2(∆H,1, X) and D2(∆C,1, X) the do-
mains of the Hodge Laplacian ∆H,1 and the connection Laplacian ∆C,1 acting on
differential one-forms on X as an RCD(K1,∞)-space defined in [G14] by Gigli,
respectively. Then we have D2(∆H,1, X) = D2(∆C,1, X). Moreover
∆H,1ω = ∆C,1ω + RicX(ω
∗, ·) (4)
for every ω ∈ D2(∆H,1, X) = D2(∆C,1, X), where the L2-differential one-form
RicX(ω
∗, ·) ∈ L2(T ∗X) is defined by satisfying∫
X
〈RicX(ω∗, ·), η〉dHn =
∫
X
〈RicX , ω ⊗ η〉dHn
for every L2-differential one-form η ∈ L2(T ∗X).
(iii) (Finite dimensionalities of eigenspaces) For every α ≥ 0, the sets
EH,1α :=
{
ω ∈ D2(∆H,1, X);∆H,1ω = αω
}
,
EC,1α :=
{
ω ∈ D2(∆C,1, X);∆C,1ω = αω
}
are finite dimensional.
(iv) (Discreteness and unboundedness of spectrums) Let us consider the spectrums of
∆H,1 and ∆C,1 as follows:
SH,1 :=
{
λ ∈ R;EH,1λ 6= {0}
}
,
SC,1 :=
{
λ ∈ R;EC,1λ 6= {0}
}
,
respectively. Then these are nonnegetive, discrete, and unbounded, where we say
that a subset A of R is discrete if there is no a ∈ R such that
(Br(a) \ {a}) ∩ A 6= ∅
holds for every r > 0.
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(v) (Spectral convergence) Let us denote the spectrums of ∆H,1 and ∆C,1 by
0 ≤ λH,11 ≤ λH,12 ≤ · · · → ∞
and
0 ≤ λC,11 ≤ λC,12 ≤ · · · → ∞
counted with multiplicities, respectively. If Xi
GH→ X in M, then
λH,1k (Xi)→ λH,1k (X)
and
λC,1k (Xi)→ λC,1k (X)
hold for every k ≥ 1.
Note that the equality (4) is well-known on a smooth closed Riemannian manifold as
Bochner’s formula.
An example by Page in [P78] and Kobayashi-Todorov in [KT87] gives a noncollapsed
sequence of Calabi-Yau manifolds of dimension 4, whose second Betti numbers are greater
than that of the limit space (see Example 3.16). Hein-Naber also give in their forthcoming
paper [HN14] an example of a noncollapsed sequence of Calabi-Yau manifolds of dimension
6 with unbounded Betti numbers. These examples tell us that in general for every k ≥ 2 we
can not expect the spectral convergence of the Hodge Laplacian ∆H,k acting on differential
k–forms even if we consider Ricci flat manifolds because the spectral convergence implies
the finiteness of the k-th Betti number of the limit space and the upper semicontinuity
of them (see Theorem 1.5). Thus the spectral convergence of the Hodge Laplacian in
Theorem 1.1 is sharp in this sense.
On the other hand for every X ∈M we can define the connection Laplacian ∆C,k acting
on differential k-forms, and the connection Laplacian ∆C,(r,s) acting on tensor fields of type
(r, s). For the connection Laplacian, the spectral convergence always hold, i.e. we have
the following.
Theorem 1.2 (Spectral convergence of the connection Laplacian). The spectral con-
vergence of ∆C,k and ∆C,(r,s) hold, i.e. similar statements as in Theorem 1.1 hold for ∆C,k
and ∆C,(r,s).
We now introduce three applications of Theorems 1.1 and 1.2. One of them is to give
uniform bounds on eigenvalues of these Laplacian, which are new even if X is smooth.
Theorem 1.3 (Uniform bounds on eigenvalues). We have
0 ≤ C1(n, d, v,K1, K2, l) ≤ λH,1l (X) ≤ C2(n, d, v,K1, K2, l) <∞,
0 ≤ C1(n, d, v,K1, K2, l) ≤ λC,1l (X) ≤ C2(n, d, v,K1, K2, l) <∞,
0 ≤ C1(n, d, v,K1, K2, k, l) ≤ λC,kl (X) ≤ C2(n, d, v,K1, K2, k, l) <∞
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and
0 ≤ C1(n, d, v,K1, K2, r, s, l) ≤ λC,(r,s)l (X) ≤ C2(n, d, v,K1, K2, r, s, l) <∞
for any X ∈M and l ≥ 1, where λC,kl and λC,(r,s)l denote the l-th eigenvalues of ∆C,k and
∆C,(r,s), respectively, and each C1 as above goes to ∞ as l→∞.
For the upper bound of λH,1l , the dependence of an upper bound of the Ricci curvature
is not essential. See (61).
The second application is to give L∞-bounds for eigen-one-forms:
Theorem 1.4 (L∞-estimates for eigen-one-forms). Let α ≤ β and let ω ∈ D2(∆H,1, X) =
D2(∆C,1, X) with
1
Hn(X)
∫
X
|ω|2dHn = 1.
Assume that ω ∈ EH,1α or ω ∈ EC,1α . Then
||ω||L∞ ≤ C(n,K1, d, β).
It is easy to check that if f is an α-eigenfunction of the Laplacian ∆ on X , then
df ∈ EH,1α . In particular Theorem 1.4 implies a quantitative gradient estimate of an
α-eigenfunction f of ∆:
||df ||L∞ ≤ C(n,K1, d, β)
which was known in [ChC00b] as a Cheng-Yau type gradient estimate for an eigenfunctions
given in [ChgY75]. Thus Theorem 1.4 can be regarded as a generalization of Cheng-Yau’s
gradient estimate for eigenfunctions to the case of eigen-one-forms on a nonsmooth setting.
Note that similar L∞-bounds for eigen-k-forms and eigen-tensor fields of ∆C,k and ∆C,(r,s)
hold. See Theorem 4.17.
In order to introduce the third application, let us denote the dimension of the space of
harmonic one-forms on X by h1(X), i.e.
h1(X) := dimE
H,1
0 .
Recall that Gigli defined in [G14] the de Rham cohomology groups on an RCD(K,∞)-
space and proved the Hodge theorem. Note that (X,Hn) is an RCD(K1,∞)-space for
every X ∈M (see subsection 1.2). In particular h1(X) is equal to the first Betti number of
X in the sense of Gigli, which is defined by the dimension of the first de Rham cohomology
group by him.
The final application is the upper semicontinuity of the first Betti numbers:
Theorem 1.5 (Upper semicontinuity of first Betti numbers). If Xi
GH→ X in M, then
lim sup
i→∞
h1(Xi) ≤ h1(X). (5)
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Moreover
lim
i→∞
h1(Xi) = h1(X) (6)
holds if and only if a uniform spectral gap for ∆H,1 exists, i.e.
inf
i
µH,1(Xi) > 0, (7)
where µH,1 is the first positive eigenvalue of ∆H,1.
Note that by the min-max principle, the condition (7) is equivalent to that the uniform
Poincare´ inequality for one-forms holds, i.e. there exists C > 0 such that
inf
ω∈EH,10
∫
Xi
|η − ω|2 dHn ≤ C
∫
Xi
(|dη|2 + |δη|2) dHn
for any i and η ∈ H1,2H (T ∗Xi), where H1,2H (T ∗Xi) is a Sobolev space of one-forms defined
in [G14] (see subsection 3.2.1).
From the next subsection we devote to the study of curvature of X . Cheeger-Colding
proved in [ChC97] that the regular set R of every X ∈ M, which is the set of x ∈ X
such that every tangent cone at x is isometric to Rn, is smooth with the C1,α-Riemannian
metric gX for every α ∈ (0, 1). Moreover it is known in [Pt87] by Peters that this regularity
is sharp, i.e. we can not expect the C1,1-regulality of gX even if we assume a uniform
bound of the sectional curvature and a uniform positive lower bound of the injectivity
radii. In particular in general we can not define the Riemannian curvature tensor, the
Ricci curvature and the scalar curvature at every regular point in the ordinary way of
Riemannian geometry.
In order to overcome this difficulty, we use a nonsmooth approach in [G14] by Gigli
with Cheeger-Naber’s work of [ChN14]. Then we can define the Riemannian curvature
tensor RX of every X ∈M as an Lq-tensor of type (0, 4) for every q < 2.
1.1. Riemannian curvature. Recall that for any X ∈ M and fi ∈ C∞(X), by the
definition of the Riemannian curvature tensor RX ∈ C∞(T 04X) of type (0, 4) (we denote
by C∞(T rsX) the space of smooth tensor fields of type (r, s) on X), we have
f0RX(∇f1,∇f2,∇f3,∇f4)
= f0
〈∇∇f1∇∇f2∇f3 −∇∇f2∇∇f1∇f3 −∇[∇f1,∇f2]∇f3,∇f4〉
= 〈f0∇f1,∇〈∇∇f2∇f3,∇f4〉〉 − f0 〈∇∇f2∇f3,∇∇f1∇f4〉
− 〈f0∇f2,∇〈∇∇f1∇f3,∇f4〉〉+ f0 〈∇∇f1∇f3,∇∇f2∇f4〉 −
〈
f0∇[∇f1,∇f2]∇f3,∇f4
〉
,
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where 〈·, ·〉 denote the canonical metrics defined by the Riemannian metric gX . Integrating
this equality on X with the divergence formula yields∫
X
f0〈RX , df1 ⊗ df2,⊗df3 ⊗ df4〉dHn
=
∫
X
((−〈∇f0,∇f1〉+ f0∆f1)Hessf3 (∇f2,∇f4)− f0 〈Hessf3(∇f2, ·),Hessf4(∇f1, ·)〉) dHn
−
∫
X
((−〈∇f0,∇f2〉+ f0∆f2) Hessf3 (∇f1,∇f4)− f0 〈Hessf3(∇f1, ·),Hessf4(∇f2, ·)〉) dHn
−
∫
X
f0Hessf3 ([∇f1,∇f2],∇f4) dHn. (8)
Note that this formula (8) gives a characterization of RX , i.e. if a tensor T ∈ C∞(T 04X)
satisfies (8) instead of RX for any fi ∈ C∞(X), then T = RX . This is a direct consequence
of that the space{
N∑
i=1
f0,idf1,i ⊗ df2,i ⊗ df3,i ⊗ df4,i;N ∈ N, fj,i ∈ C∞(X)
}
is dense in the space of Lp-tensor fields of type (0, 4) on X , denoted by Lp(T 04X), for every
p ∈ (1,∞).
We generalize this observation to our nonsmooth setting based on the regularity theory
of the heat flow given in [AGS14] by Ambrosio-Gigli-Savare´. A key idea is to use test
functions instead of smooth functions. Note that Gigli established in [G14] the second
order differential calculus on RCD-spaces (which contain nonsmooth spaces) in this di-
rection and that the author gave in [H14a] the second order differential structure on Ricci
limit spaces in the other direction. Moreover it was shown in [H14b] that these second
order differential calculus are compatible to each other on Ricci limit spaces.
We first recall the definition of the Sobolev spaces for functions.
Let X ∈ M. For every p ∈ (1,∞) let H1,p(X) be the completion of the space of
Lipschitz functions on X , denoted by LIP(X), with respect to the norm
||f ||H1,p := (||f ||pLp + ||∇f ||pLp)1/p , (9)
where ∇f is the gradient vector field of f which is well-defined on R a.e. sense by
Rademacher’s theorem. See for instance [Ch99] for a more general setting.
Second, we recall the definition of the Dirichlet Laplacian ∆ acting on functions on X .
Let D2(∆, X) denote the set of f ∈ H1,2(X) such that there exists a (unique) function
F ∈ L2(X) such that ∫
X
gX(∇f,∇h)dHn =
∫
X
FhdHn
for every h ∈ H1,2(X). Then we denote F by ∆f .
We introduce several regularities of f ∈ D2(∆, X) given in [H14b].
(1.1) We have |∇f |2 ∈ H1,pn(X), where pn := 2n/(2n− 1).
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(1.2) f is weakly twice differentiable (or weak C1,1) on X in the sense of [H14a], i.e.
there exists a countable family of Borel subsets Ai of R with
Hn
(
R \
⋃
i
Ai
)
= 0
such that for every smooth coordinate patch φ : U → Rn of R we see that f ◦φ−1
is differentiable on φ(Ai ∩ U) and that the Jacobi matrix
J
(
f ◦ φ−1)
is Lipschitz on φ(Ai ∩ U). Note that this is weaker than that f is C2 on R with
compact support.
(1.3) In the ordinary way of Riemannian geometry with (1.2), we can define the Hessian
of f , denoted by Hessf , as a Borel tensor field of type (0, 2) on X . Moreover we
see that the Hessian is L2, i.e. Hessf ∈ L2(T 02X), that Hessf coincides with Gigli’s
one defined in [G14] and that the trace is equal to −∆f . In particular
|Hessf |2 ≥ (∆f)
2
n
. (10)
See [H14b, Theorems 1.9 and 4.11] for the detail.
As we mentioned in (1.2), by the C1,α-regularity of the Riemannian metric gX on R,
we see that the space of C2-functions on R with compact support, denoted by C2c (R), is
a subspace of D2(∆, X) and that Hessf and ∆f of f ∈ C2c (R) in the sense above coincide
with the ordinary them in Riemannian geometry, respectively.
Define the space of test functions by
TestF (X) := {f ∈ D2(∆, X) ∩ LIP(X);∆f ∈ H1,2(X)}. (11)
We are now in a position to give the definition of the Riemannian curvature tensor RX .
Theorem 1.6 (Riemannian curvature). There exists a unique tensor RX ∈
⋂
q<2 L
q(T 04X)
such that (8) holds for any fi ∈ TestF (X). We call RX the Riemannian curvature tensor
of X.
We give a remark on Theorem 1.6.
The Lq-bound of RX closely depends on Cheeger-Naber’s estimate given in [ChN14]:∫
M
|RM |qdHn ≤ C(n, d,K1, K2, v)
for every M ∈ M. Note that by the proof of Theorem 1.6 if n = 4 or Conjecture 9.1 in
[ChN14] holds, then RX ∈ L2(T 04X). See also Conjecture 6.3 in [N14].
We will establish several properties on our Riemannian curvature tensor, which in-
clude the first Bianchi identity a.e. sense. We end this subsection by introducing one of
them, which is a continuity of Riemannian curvature tensor with respect to the Gromov-
Hausdorff topology:
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Theorem 1.7 (Lp-weak continuity of Riemannian curvature). Let Xi
GH→ X in M.
Then RXi L
q-converges weakly to RX on X for every q ∈ (1, 2).
See Section 2 or [H15] for the definition of Lp-convergence with respect to the Gromov-
Hausdorff topology.
1.2. Ricci curvature. Let X ∈ M. By using the Riemannian curvature tensor RX ,
define the Ricci curvature RicX of X ∈ M by a contraction of RX in the ordinary way
of Riemannian geometry:
RicX(u, v) :=
∑
RX(ei, u, v, ei), (12)
where u, v ∈ TxX and {ei}i is an orthogonal basis of TxX . Note that this is well-defined
on X a.e. sense and that the Lq-bound of RX as in Theorem 1.6 yields
RicX ∈
⋂
q<2
Lq(T 02X).
However, recall that we will prove RicX ∈ L∞(T 02X) in (i) of Theorem 1.1.
Let us introduce several results on RicX . The first one is Bochner’s formula, which is
well-known on a smooth closed Riemannian manifold.
Theorem 1.8 (Bochner’s formula for differential one-forms). For every ω ∈ D2(∆H,1, X),
−1
2
∆|ω|2 = |∇ω|2 − 〈∆H,1ω, ω〉+ RicX(ω∗, ω∗), (13)
where ω∗ ∈ L2(TX) is the dual vector field of ω by the Riemannian metric gX .
Note that the left hand side of (13) is taken by a generalized Laplacian of |ω|2 and is
in L1(X). See Theorem 3.11 for the precise statement.
Applying Theorem 1.8 when ω is an exact one-form, i.e. ω := df for some f ∈ D2(∆, X),
yields Bochner’s formula for functions:
Theorem 1.9 (Bochner’s formula for functions). For every f ∈ D2(∆, X),
−1
2
∆|∇f |2 = |Hessf |2 − 〈∇∆f,∇f〉+ RicX(∇f,∇f).
In particular for every h ∈ D2(∆, X) with ∆h ∈ L∞(X),
−1
2
∫
X
∆h|∇h|2dHn =
∫
X
(
h|Hessf |2 − h 〈∇∆f,∇f〉+ hRicX(∇f,∇f)
)
dHn. (14)
Next we give an application of Theorem 1.9 to the study of (X,Hn) as an RCD-space.
The structure theory of nonsmooth spaces with Ricci curvature bounded below is
rapidly studied, recently. See for instance [AGS14, LV09, St06a, St06b] for pionear works
by Ambrosio-Gigli-Savare´, Lott-Villani, and Sturm. Roughly speaking, a metric measure
space (Y, υ) is said to be an CD(K,N)-space if the Ricci curvature is bounded below byK
and the dimension is bounded above by N , where K ∈ R and N ∈ (0,∞]. Moreover if the
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Sobolev space H1,2(Y ) is a Hilbert space, then it is said to be an RCD(K,N)-space. On
the other hand Bacher-Sturm introduced in [BS10] a reduced version of a CD-condition,
which is called CD∗(K,N)-condition. They proved that every CD(K,N)-space is an
CD∗(K,N)-space, but the converse is not true in general. However every RCD∗(K,N)-
space ( i.e. CD∗(K,N)-space satisfying that the Sobolev space H1,2 is a Hibert space)
is an RCD(K,∞)-space. A Ricci limit space gives a typical example of RCD-spaces. In
particular for every X ∈M, (X,Hn) is an RCD(K1, n)-space.
Combining (10) and (14) with the equivalence between Bochner’s inequality and a cur-
vature dimension condition [AMS15, EKS15, G14] by Ambrosio-Mondino-Savare´, Erber-
Kuwada-Sturm, and Gigli yields the following new equivalence on our setting.
Theorem 1.10 (Equivalence between lower bounds on Ricci curvature andRCD-conditions).
For every K ∈ R, the following three conditions are equivalent:
(i) RicX ≥ K on X a.e. sense, i.e. for a.e. x ∈ X, we have
RicX(u, u) ≥ K|u|2
for every u ∈ TxX.
(ii) (X,Hn) is an RCD∗(K, n)-space.
(iii) (X,Hn) is an RCD(K,∞)-space.
Note that in Theorem 1.10 if X is smooth, i.e. X ∈M, by the smoothness of the Ricci
curvature, it is checked directly that (i) of Theorem 1.10 holds if and only if RicX ≥ K
holds on X in the ordinary sense. It also follows from the compatibility between a CD-
condition and a lower bound of Ricci curvature on the smooth setting in [LV09, St06a,
St06b].
Finally we give a behavior of our Ricci curvature with respect to the Gromov-Hausdorff
topology:
Theorem 1.11 (Lp-weak continuity of Ricci curvature). If Xi
GH→ X in M, then RicXi
Lp-converges weakly to RicX on X for every p ∈ (1,∞).
1.3. Scalar curvature. Let us define the scalar curvature sX of X ∈ M by taking the
trace of RicX :
sX(x) :=
n∑
i=1
RicX(ei, ei),
where {ei}i is an orthogonal basis of TxX . Note that this is well-defined on X a.e. sense
and that by (i) of Theorem 1.1 we have sX ∈ L∞(X) with
K1n ≤ sX(x) ≤ K2n
a.e. x ∈ X .
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We will also give several results on the scalar curvature which include the Gauss-Bonnet
formula if n = 2, and the Chern-Gauss-Bonnet formula if n = 4 on a suitable setting
(Proposition 3.14).
We here introduce one of them on a behavior of our scalar curvature which is similar
to Theorem 1.11:
Theorem 1.12 (Lp-weak continuity of scalar curvature). If Xi
GH→ X in M, then sXi
Lp-converges weakly to sX on X for every p ∈ (1,∞), i.e. supi ‖sXi‖Lp < ∞ is satisfied
for any p ∈ (1,∞) and
lim
i→∞
∫
Br(xi)
sXidH
n =
∫
Br(x)
sXdH
n
holds for any r > 0 and xi
GH→ x. In particular the total scalar curvature of Xi converges
to that of X:
lim
i→∞
∫
Xi
sXidH
n =
∫
X
sXdH
n.
Note that this Lp-weak continuity is sharp in some sense. See Example 3.17.
From now on we apply Theorem 1.12 in order to answer a question by Lott in [L07].
For that we recall the following Lott’s result.
Theorem 1.13 (Stability of lower bounds on scalar curvature under bounded sectional
curvature [L07]). Let Xi be a sequence of n-dimensional closed Riemannian manifolds
with
sup
i
||SecXi ||L∞ <∞, (15)
let X be the noncollapsed Gromov-Hausdorff limit, and let C ∈ R with
sXi ≥ C
on Xi for every i, where SecXi is the sectional curvature of Xi. Then we have
sX ≥ C
on X.
Note that it was known that the scalar curvature is well-defined on the setting as in
Theorem 1.13, that the upper bound version of Theorem 1.13 also holds, and that Lott
discussed a similar stability in a collapsing case [L07].
He also gave the following question:
(Q0) Does the same conclusion as in Theorem 1.13 hold even if we replace the assump-
tion (15) by a uniform bound of Ricci curvature;
sup
i
||RicXi ||L∞ <∞?
Applying Theorem 1.12 yields the following.
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Corollary 1.14 (Stability of bounds of scalar curvature with bounded Ricci curva-
ture). Lott’s question (Q0) has a positive answer.
We discuss a refinement of Corollary 1.14 in the next subsection.
1.4. Stability. In this section we discuss stabilities of curvature bounds with respect to
the Gromov-Hausdorff topology.
Theorem 1.13 and Corollary 1.14 give stabilities on scalar curvature. We recall other
well-known two stabilities:
(i) (Stability of sectional curvature bounds [BGP92]) The Gromov-Hausdorff limit
space of a sequence of Alexandrov (or CAT, respectively) space of curvature
bounded below (or above, respectively) by a real number K is also an Alexandrov
(or CAT, respectively) space of curvature bounded below (or above, respectively)
by K.
(ii) (Stability of lower Ricci curvature bounds [AGS14, BS10, EKS15, LV09, St06a,
St06b]) The measured Gromov-Hausdorff limit space of a sequence ofRCD(K,N)-
spaces (or RCD∗(K,N), or CD(K,N), or CD∗(K,N)-spaces, respectively) is
also an RCD(K,N)-space (or RCD∗(K,N), or CD(K,N), or CD∗(K,N)-space,
respectively).
From now on we introduce new stabilities of curvature bounds on our setting. In order
to give the precise statement let us define the sectional curvature
SecX : Gr2(TX)→ R
of X ∈M by the ordinary way of Riemannian geometry:
SecX(σ) := RX(u, v, v, u),
where Gr2(V ) denotes the set of 2-dimensional subspaces of a vector space V and u, v ∈
TxX is an orthogonal basis of σ. Note that for a.e. x ∈ X and every σ ∈ Gr2(TxX),
SecX(σ) is well-defined.
For a Borel subset A of X , we say that
SecX ≥ K
on A a.e. sense if for a.e. x ∈ A, we have
SecX(σ) ≥ K
for every σ ∈ Gr2(TxX). As with the case of Ricci curvature it is easy to check that if X
is smooth and A is an open subset of X , then SecX ≥ K on A is satisfied a.e. sense if
and only if SecX ≥ K on A is satisfied in the ordinary sense.
Similarly we define bounds of sectional curvature, of Ricci curvature, and of scalar
curvature a.e. sense.
We are now in a position to give new stabilities.
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Theorem 1.15 (Stabilities of curvature bounds). Let Xi
GH→ X in M, let r > 0, let
K ∈ R, and let xi GH→ x, where xi ∈ Xi and x ∈ X. Then we have the following:
(i) If SecXi ≥ K (or SecXi ≤ K, respectively) on Br(xi) a.e. sense for every i, then
SecX ≥ K (or SecX ≤ K, respectively) on Br(x) a.e. sense.
(ii) If RicXi ≥ K (or RicXi ≤ K, respectively) on Br(xi) a.e. sense for every i, then
RicX ≥ K (or RicX ≤ K, respectively) on Br(x) a.e. sense.
(iii) If sXi ≥ K (or sXi ≤ K, respectively) on Br(xi) a.e. sense for every i, then
sX ≥ K (or sX ≤ K, respectively) on Br(x) a.e. sense.
1.5. Compatibility. In this section we discuss compatibilities of our curvature on several
settings.
Let X ∈M. We first introduce the compatibility with the smooth setting:
Proposition 1.16 (Compatibility with the smooth setting). If an open subset U of
R satisfies that (U, gX |U) is a C∞-Riemannian manifold, then the Riemannian curvature
tensor RX as in Theorem 1.6 coincides with the ordinary one on U a.e. sense. In
particular similar compatibilities hold for the Ricci curvature and the scalar curvature.
Next we discuss compatibilities with nonsmooth settings. For that we first recall Gigli’s
Ricci curvature on our setting.
He defined the Ricci curvature RicX on an RCD(K,∞)-space as a measure valued
bilinear continuous map:
RicX : H
1,2
H (TX)×H1,2H (TX)→ Meas(X),
based on Bochner’s formula, where H1,2H (TX) is a Sobolev space of vector fields on X
defined in [G14] and Meas(X) is the Banach space of finite signed Radon measures on X
equipped with the total cariation norm. See [G14] or subsections 3.2.1 and 3.4.3 for the
precise definitions.
On the other hand, by the L∞-bound on Ricci curvature RicX we can define a bilinear
continuous map
RicX : H
1,2
H (TX)×H1,2H (TX)→ L1(X)
by
(V,W ) 7→ RicX(V,W ).
Then we have the following compatibility.
Theorem 1.17 (Compatibility with Gigli’s Ricci curvature). We see that Gigli’s Ricci
curvature RicX coincides with our Ricci curvature RicX via the canonical inclusion
ı : L1(X) →֒ Meas(X)
defined by
ı(f)(A) :=
∫
A
fdHn,
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i.e.
RicX(V,W )(A) =
∫
A
RicX(V,W )dH
n
holds for any Borel subset A of X and V,W ∈ H1,2H (TX).
By Theorem 1.17 we can give positive answers to several questions in [G14] by Gigli on
our setting. For example we see that RicX can be extended to a bilinear continuous map
L2(X)× L2(X)→ R,
canonically. This gives a positive answer to a his question stated in 156 page of [G14].
See Remark 3.18 for the detail.
We end this subsection by introducing the other compatibility with Lott’s Ricci measure.
In [L15] he defined the Ricci measure on a C1,1-manifold with a measurable Riemannian
metric and a tame connection. Note that by the C1,α-regularity of the Riemannian metric
gX on R, the triple (R, gX |R,∇) gives such an example, where ∇ is the Levi-Civita
connection.
Then we have the following.
Theorem 1.18 (Compatibility with Lott’s Ricci measure). Our Ricci curvature RicX
coincides with Lott’s Ricci measure on R.
1.6. The structure of the paper. This paper is organized as follows.
In Section 2, we give a key result on L2-strong convergence of Hessians (Theorem 2.12)
in order to prove the existence of our Riemannian curvature tensor, which loosely states
that if ∆fi L
2-converges strongly to ∆f with respect to the Gromov-Hausdorff convergence
Xi
GH→ X inM, then Hessfi L2-converges strongly to Hessf . It is worth pointing out that
a key estimate to establish this L2-strong convergence is Cheeger-Naber’s Lp-estimate of
the Hessian: ∫
M
|Hessf |pdHn ≤ C(n, d,K1, K2, v, L, p) (16)
for any M ∈ M, p ∈ [1, 4) and f ∈ C∞(M) with |f |+ |∆f | ≤ L (see [ChN14, Theorem
7.20]).
In Section 3, first, by using the L2-strong convergence of Hessians we show the existence
of our curvature and give a new smooth approximation theorem (Theorems 3.5). Second,
we see that the approximation theorem yields several results on our curvature we stated
in subsections 1.1-1.5. Moreover we discuss the Lp-strong convergence of our curvature in
subsection 3.3.
Section 4 is devoted to their applications which include spectral convergence. Note
that a weak version of the sepctral convergence of ∆H,1 was shown in [H14b, Theorem
1.12] under a uniform lower bound of Ricci curvature only. An essential difference from
the previous result is to prove that the L2-strong limit of differential eigen-one-forms is
16 SHOUHEI HONDA
in H1,2H (T
∗X) (note that the previous result, [H14b, Theorem 1.12], states that it is in
W 1,2H (T
∗X)). It is worth pointing out that we introduce four key results in order to prove
it. The first one is Li-Tam’s mean value inequality in [LT91], the second one is the C1-
regularity of the Riemannian metric on the regular set in [ChC97] by Cheeger-Colding, the
third one is that the Hausdorff dimension of the singular set is at most n− 4 in [ChN14]
by Cheeger-Naber, and the fourth one is the Rellich compactness theorem for functions
and tensor fields with respect to the Gromov-Hausdorff topology in [H15, H14b] by the
author.
As other applications, we study noncollapsed Ka¨hler Ricci limit spaces with bounded
Ricci curvature. In particular we consider a sequence of compact Ka¨hler manifolds
(Xi, gXi, Ji) with a uniform bound of Ricci curvature and a constant multiple of the Ka¨hler
form is in the first Chern class, and the noncollapsed Gromov-Hausdorff limit (X, gX , J).
Then we prove the equivalence between Lp-strong convergence of Ricci curvature and that
of scalar curvature. Moreover we define the Ricci potential FX of the limit (X, gX , J),
prove that Ricci potentials FXi converges uniformly to FX on X , and show the equivalence
between Lp-strong convergence of Ricci curvature and L2-strong convergence of Hessians
of Ricci potentials (Theorem 4.29). We also establish the Weitzenbo¨ck formula on a Fano
Ricci limit space with bounded Ricci curvature (Theorem 4.31).
In the final section, Section 5, we give several open problems.
Acknowledgments. The author is grateful to Aaron Naber for his kind communica-
tions on examples given in [HN14]. The author would like to express his appreciation to
Hausdorff Research Institute for Mathematics (HIM) for warm hospitality. He got a key
idea of the paper during the stay of the Junior Hausdorff Trimester Program on “Optimal
Transportation in HIM. He is also grateful to the referee for the very thorough reading,
and valuable suggestions which are greatly improved the overall mathematical quality of
the paper. This work was supported by Grant-in-Aid for Young Scientists (B) 24740046,
16K17585 and Grant-in-Aid for challenging Exploratory Research 26610016.
2. L2-strong convergence of Hessians
We first recall the definition of Gromov-Hausdorff convergence. For a sequence of
compact metric spaces Yi, we say that Yi Gromov-Hausdorff converges to a compact metric
space Y if there exist a sequence of positive numbers ǫi with ǫi → 0, and a sequence of
maps φi : Yi → Y such that the following two conditions hold:
(i) (φi is an almost isometric embedding.) We have
|dY (φi(x), φi(y))− dYi (x, y)| < ǫi
for any i and x, y ∈ Yi.
(ii) (φi is almost surjective.) We have
Y = Bǫi (φi(Yi)) ,
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where Br(A) denotes the open r-neighbourhood of A.
Then we denote the convergence by
Yi
GH→ Y.
For a sequence yi ∈ Yi, we say that yi Gromov-Hausdorff converges to a point y ∈ Y (with
respect to Yi
GH→ Y ) if φi(yi)→ y in Y . Then we denote it by
yi
GH→ y.
Moreover for a sequence of Radon measures υi on Yi, we say that υi measured Gromov-
Hausdorff converges to a Radon measure υ on Y (with respect to Yi
GH→ Y ) if
lim
i→∞
υi(Br(yi)) = υ(Br(y))
for any r > 0 and yi
GH→ y. Then we denote it by
(Yi, υi)
GH→ (Y, υ).
Our setting in this section is the following:
• Let {Xi}i be a sequence in M and let X ∈M be the Gromov-Hausdorff limit.
Recall that as we mentioned in Section 1, (Xi, H
n)
GH→ (X,Hn) holds.
One of key notions in this paper is Lp-convergence with respect to the Gromov-Hausdorff
topology which were established in [KS03, H15] in the cases of functions and tensor fields,
respectively.
We first recall it in the case of functions. Let p ∈ (1,∞), let R > 0 and let xi GH→ x,
where xi ∈ Xi and x ∈ X .
Definition 2.1 (Lp-convergence of functions). Let fi be a sequence in L
p(BR(xi)).
(i) We say that fi L
p-converges weakly to an Lp-function f ∈ Lp(BR(x)) on BR(x)
if
sup
i
||fi||Lp <∞
and
lim
i→∞
∫
Br(yi)
fi dH
n =
∫
Br(y)
f dHn
hold for any yi
GH→ y and r > 0 with Br(y) ⊂ BR(x), where yi ∈ BR(xi) and
y ∈ BR(x).
(ii) We say that fi L
p-converges strongly to f ∈ Lp(BR(x)) on BR(x) if it is an
Lp-weak convergent sequence on BR(x) with
lim sup
i→∞
∫
BR(xi)
|fi|p dHn ≤
∫
BR(x)
|f |p dHn.
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Next we recall the case of tensor fields. Let
T rsX :=
r⊗
i=1
TX ⊗
s⊗
i=1
T ∗X
and let us denote the set of Lp-tensor fields of type (r, s) over a Borel subset A of X by
Lp(T rsA).
Definition 2.2 (Lp-convergence of tensor fields). Let r, s ∈ Z≥0 and let Ti be a se-
quence in Lp(T rsBR(xi)).
(i) We say that Ti L
p-converges weakly to an Lp-tensor field T ∈ Lp(T rsBR(x)) on
BR(x) if
sup
i
||Ti||Lp <∞
and
lim
i→∞
∫
Br(yi)
〈
Ti,∇rz1i ⊗ · · · ⊗ ∇rzri ⊗ drzr+1i ⊗ · · · ⊗ drzr+si
〉
dHn
=
∫
Br(y)
〈T,∇rz1 ⊗ · · · ⊗ ∇rzr ⊗ drzr+1 ⊗ · · · ⊗ drzr+s〉 dHn
hold for any yi, z
j
i
GH→ y, zj, respectively, and r > 0 with Br(y) ⊂ BR(x), where
yi, z
j
i ∈ BR(xi), y, zj ∈ BR(x) and rz denotes the distance function from z.
(ii) We say that Ti L
p-converges strongly to T ∈ Lp(T rsBR(x)) on BR(x) if it is an
Lp-weak convergent sequence on BR(x) with
lim sup
i→∞
∫
BR(xi)
|Ti|p dHn ≤
∫
BR(x)
|T |p dHn.
We need the following previous results:
(2.1) (Lipschitz representation) For any p ∈ (1,∞) and f ∈ H1,p(X), ∇f ∈ L∞(TX)
holds if and only if f ∈ LIP(X) holds. Moreover the Lipschitz constant of f is
equal to ||∇f ||L∞. See for instance [H13, Proposition 2.8].
(2.2) (Lipschitz regularity of solutions of Poisson’s equations) For any q ∈ (n,∞] and
f ∈ D2(∆, X) with ||∆f ||Lq ≤ L we have
||∇f ||L∞ ≤ C(n, v,K1, d, L, q).
See [J11, Theorem 1.2] (see also [J14, Theorem 3.1]).
(2.3) (Rellich compactness theorem) For every sequence fi ∈ H1,p(BR(xi)) with
sup
i
||fi||H1,p <∞,
there exist a subsequence i(j) and f ∈ H1,p(BR(x)) such that fi(j) Lp-converges
strongly to f on BR(x) and that ∇fi(j) Lp-converges weakly to ∇f on BR(x),
where H1,p(U) is the Sobolev space on an open subset U of X defined by the
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completion of the space of locally Lipschitz functions on U , denoted by LIPloc(U),
with respect to the norm
||f ||H1,p := (||f ||pLp + ||∇f ||pLp)1/p .
See [H15, Theorem 4.9].
(2.4) (Closedness of the Dirichlet Laplacian) Let fi be a sequence in D2(∆, Xi) with
sup
i
(||fi||L2 + ||∆fi||L2) <∞,
and let f be the L2-weak limit of fi on X . Then we see that f ∈ D2(∆, X), that
fi,∇fi L2-converge strongly to f,∇f on X , respectively and that ∆fi,Hessfi
L2-converge weakly to ∆f,Hessf on X , respectively. See [H15, Theorem 1.3].
(2.5) (Equivalence of Lq-strong convergence) For any sequence Ti ∈ Lp(T rsBR(xi)) with
sup
i
||Ti||Lp <∞,
and T ∈ Lp(T rsBR(x)), we see that Ti Lq-converges strongly to T on BR(x) for
some q ∈ (1, p) if and only if Ti Lq-converges strongly to T on BR(x) for every
q ∈ (1, p). See [H14b, Proposition 3.3].
(2.6) (Existence of approximate sequence) For every f ∈ LIP(X), there exists a se-
quence fi ∈ LIP(Xi) with
sup
i
||∇fi||L∞ <∞
such that fi,∇fi L2-converge strongly to f,∇f on X , respectively. See [H11,
Theorem 4.2].
(2.7) (Sobolev inequality) For every f ∈ H1,2(X), we have(
1
Hn(X)
∫
X
∣∣∣∣f − 1Hn(X)
∫
X
fdHn
∣∣∣∣2n/(n−2) dHn
)(n−2)/(2n)
≤ C(n,K1, d)
Hn(X)
∫
X
|∇f |2dHn.
See [MS95, Thee´ore`me 1.1] and [H14b, Theorem 3.2].
(2.8) (Continuity of solutions of Poisson’s equations with respect to Gromov-Hausdorff
topology) Let gi ∈ L2(Xi) be a sequence with∫
Xi
gidH
n = 0,
and let g ∈ L2(X) be the L2-weak limit on X . Then there exists a unique
f ∈ D2(∆, X) with ∫
X
fdHn = 0
such that f = ∆−1g, i.e. ∆f = g holds, and that ∆−1gi,∇∆−1gi L2-converge
strongly to f,∇f on X , respectively. See [H14b, Theorem 1.1].
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(2.9) (Compactness of Lp-weak convergence) For every sequence Ti ∈ Lp(T rsBR(xi))
with
sup
i
||Ti||Lp <∞,
there exist a subsequence i(j) and T ∈ Lp(T rsBR(x)) such that Ti(j) Lp-converges
weakly to T on BR(x). See [H15, Proposition 3.50].
(2.10) (Lower semicontinuity of norms with respect to Lp-weak convergence) Let Ti be
a sequence in Lp(T rsBR(xi)) and let T ∈ Lp(T rsBR(x)) be the Lp-weak limit on
BR(x). Then
lim inf
i→∞
||Ti||Lp ≥ ||T ||Lp.
See [H15, Proposition 3.64].
We first prove the following.
Theorem 2.3. let fi be a sequence in C
∞(Xi) with
sup
i<∞
(||∆fi||L∞ + ||∆fi||H1,2) <∞,
and let f ∈ L2(X) be the L2-strong limit on X. Then we see that f ∈ D2(∆, X)∩LIP(X)
and that Hessfi L
2q-converges strongly to Hessf on X for every q < 2.
Proof. From (2.1) - (2.4) and (2.10), we see that f ∈ D2(∆, X)∩LIP(X), that ∆f ∈
H1,2(X)∩L∞(X), that fi,∇fi,∆fi L2-converge strongly to f,∇f,∆f on X , respectively
and that ∇∆fi,Hessfi L2-converge weakly to ∇∆f,Hessf on X , respectively.
In particular it suffices to check that Hessfi L
2q-converges strongly to Hessf on X for
every q < 2. Let
L := sup
i<∞
(||∆fi||L∞ + ||∆fi||H1,2) <∞. (17)
Lemma 2.4. We have the following.
(i) |∇f |2 ∈ H1,2q(X) for every q < 2.
(ii) ∇|∇fi|2 L2q-converges strongly to ∇|∇f |2 on X for every q < 2.
The proof is as follows.
Recall that Bochner’s formula states
−1
2
∆|∇fi|2 = |Hessfi |2 + 〈∇∆fi,∇fi〉+ RicXi(∇fi,∇fi).
The Lipschitz regularity of solutions of Poisson’s equation (2.2) gives∫
Xi
|∆|∇fi|2|qdHn ≤ 10
∫
Xi
|Hessfi|2qdHn + C(n, d, L,K1, K2)
for any i <∞ and q ∈ [1, 2). By the L2q-estimate of a Hessian (16), we have∫
Xi
|Hessfi |2qdHn ≤ C(n, d, v,K1, K2, L, q). (18)
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In particular we have∫
Xi
|∆|∇fi|2|qdHn +
∫
Xi
|∇|∇fi|2|2qdHn ≤ C(n, d, v,K1, K2, L, q), (19)
where we used the inequalty∣∣∇|∇fi|2∣∣ ≤ 2|∇fi||Hessfi| ≤ C(n,K1, d, v, L)|Hessfi|.
Let gi := |∇fi|2 and let g := |∇f |2. Note that the equivalence of Lq-strong convergence
(2.5) and the L2-strong convergence of ∇fi to ∇f with supi ‖∇fi‖L∞(Xi) < ∞ yield the
Lp-strong convergence of gi to g for every p ∈ (1,∞). In particular since (19) yields
supi ‖gi‖H1,2q <∞, applying the Rellich compactness theorem (2.3) for gi proves (i).
By the existence of an approximate sequence (2.6), there exists a sequence gˆi ∈ H1,2(Xi)
such that gˆi,∇gˆi L2-converge strongly to g,∇g on X , respectively. It follows from a direct
calculation that∫
Xi
|∇gˆi|2dHn − 2
∫
Xi
(∆gi)gˆidH
n =
∫
Xi
|∇gi|2dHn − 2
∫
Xi
(∆gi)gidH
n
+
∫
Xi
|∇(gi − gˆi)|2dHn.
In particular∫
Xi
|∇gˆi|2dHn − 2
∫
Xi
(∆gi)gˆidH
n ≥
∫
Xi
|∇gi|2dHn − 2
∫
Xi
(∆gi)gidH
n. (20)
On the other hand the equivalence of Lq-strong convergence (2.5) and the Sobolev
inequality (2.7) give∣∣∣∣∫
Xi
(∆gi)gˆidH
n −
∫
Xi
(∆gi)gidH
n
∣∣∣∣
≤
(∫
Xi
|(∆gi)|qdHn
)1/q (∫
Xi
|gˆi − gi|pdHn
)1/p
→ 0
as i→∞ for every q < 2 such that the conjugate exponent p of q satisfies p < 2n/(n−2).
Hence letting i→∞ in (20) gives
lim sup
i→∞
∫
Xi
|∇gi|2dHn ≤
∫
X
|∇g|2dHn.
This completes the proof of Lemma 2.4.
The next claim is a direct consequence of Lemma 2.4 and the expression:
Hessf(∇g,∇h) = 1
2
(〈∇g,∇〈∇f,∇h〉〉+ 〈∇h,∇〈∇f,∇g〉〉 − 〈∇f,∇〈∇g,∇h〉〉) . (21)
Claim 2.5. Let gi, hi be sequences in C
∞(Xi) with
sup
i<∞
(||∆gi||L∞ + ||∆gi||H1,2 + ||∆hi||L∞ + ||∆hi||H1,2) <∞, (22)
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and let g, h ∈ LIP(X) be the L2-strong limits of them on X, respectively. Then Hessfi(∇gi,∇hi)
L2-converges strongly to Hessf(∇g,∇h) on X.
The following is a direct consequence of the regularity theory of the heat flow from
[AGS14] (thus, it holds on an RCD-space).
Claim 2.6. Let L0 > 0 and let f ∈ D2(∆, X) ∩ LIP(X) with
||∆υf ||L∞ ≤ L0.
Then for every 0 < s < 1 we have the following.
(i) Hsf ∈ LIP(X) ∩ D2(∆, X) with ||Hsf − f ||H1,2 ≤ Ψ(s;n, L0).
(ii) ||∆(Hsf)||L∞ + ||∇(Hsf)||L∞ ≤ C(n,K1, L0).
(iii) ∆(Hsf) ∈ LIP(X) with ||∇∆(Hsf)||L∞ ≤ C(n,K1, s, L0).
where Hs is the heat flow and Ψ(ǫ1, . . . , ǫk; c1, . . . , cl) denotes some positively valued func-
tion on Rk0 ×Rl satisfying
lim
ǫ1,...,ǫk→0
Ψ(ǫ1, . . . , ǫk; c1, . . . , cl) = 0
for fixed real numbers c1, . . . , cl. In particular for every p ∈ (1,∞) we have
||Hsf − f ||H1,p ≤ Ψ(s;n,K1, L0, p).
We give a proof of (i) only for reader’s convenience. We have∫
X
|Hsf − f |2dHn =
∫
X
∣∣∣∣∫ s
0
∆(Htf)dt
∣∣∣∣2 dHn
≤
∫
X
s
∫ s
0
(∆(Htf))
2dtdHn
= s
∫ s
0
∫
X
(∆(Htf))
2dHndt
= s
∫ s
0
∫
X
(Ht(∆f))
2dHndt
≤ s
∫ s
0
∫
X
(∆f)2dHndt
= s2||∆f ||2L2.
On the other hand∫
X
|∇(Hsf − f)|2dHn =
∫
X
(Hsf − f)∆(Hsf − f)dHn
≤ ||Hsf − f ||L2 × ||∆(Hsf − f)||L2
≤ ||Hsf − f ||L2 × 2||∆f ||L2.
From [AGS14, Theorems 6.1 and 6.2] with these estimates, this completes the proof of
(i).
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Claim 2.7. In Claim 2.5, the same conclusion holds even if we relapce the assumption
(22) by
L1 := sup
i<∞
(||∆gi||L∞ + ||∆hi||L∞) <∞. (23)
The proof is as follows.
By Claims 2.5 and 2.6 we see that Hessfi(∇(Hsgi),∇(Hshi)) L2-converges strongly to
Hessf (∇(Hsg),∇(Hsh)) on X for every s ∈ (0, 1). On the other hand Claim 2.6 with (18)
gives ∫
Xi
|Hessfi(∇gi,∇hi)− Hessfi(∇(Hsgi),∇(Hshi))|2dHn
≤
∫
Xi
|Hessfi |2 |∇gi ⊗∇hi −∇(Hsgi)⊗∇(Hshi)|2 dHn
≤
(∫
Xi
|Hessfi|2q dHn
)1/q (∫
Xi
|∇gi ⊗∇hi −∇(Hsgi)⊗∇(Hshi)|2p dHn
)1/p
≤ Ψ(s;n, d, v,K1, K2, L, L1, q)
for any i ≤ ∞ and q ∈ (1, 2), where p is the conjugate exponent of q. By letting i → ∞
and s→ 0, this completes the proof of Claim 2.7.
Claim 2.8. Let gi be a sequence as in Claim 2.7 (i.e. (23) is satisfied), let R > 0, let
x ∈ X, let xi ∈ Xi with xi GH→ x, let ki be a sequence in C∞(BR(xi)) with
L2 := sup
i<∞
(||ki||L∞(BR(xi)) + ||∇ki||L∞(BR(xi)) + ||∆ki||L∞(BR(xi))) <∞,
and let k ∈ H1,2(BR(x)) be the L2-strong limit on BR(x). Then Hessfi(∇ki,∇gi) L2-
converges strongly to Hessf(∇k,∇g) on BR(x).
The proof is as follows.
Fix ǫ > 0. The existence of good cut-off functions constructed in [ChC96, Theorem
6.33] by Cheeger-Colding states that for every i <∞ there exists φi ∈ C∞(Xi) such that
the following four conditions hold:
(i) 0 ≤ φi ≤ 1.
(ii) φi|BR−2ǫ(xi) ≡ 1.
(iii) suppφi ⊂ BR−ǫ(xi).
(iv) |∇φi|+ |∆φi| ≤ C(n, ǫ,K1, R).
By the closedness of the Dirichlet Laplacian (2.4), without loss of generality we can assume
that the L2-strong limit φ ∈ LIP(X) ∩ D2(∆, X) of φi on X exists.
Then applying Claim 2.7 for hi := φiki gives that Hessfi(∇(φiki),∇gi) L2-converges
strongly to Hessf(∇(φk),∇g) on X (c.f. [H14b, Theorem 4.5]). On the other hand
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applying Claim 2.7 for hi := φi yields that kiHessfi(∇φi,∇gi) L2-converges strongly to
kHessf(∇φ,∇g) on BR(x). Since
Hessfi(∇(φiki),∇gi) = φiHessfi(∇ki,∇gi) + kiHessfi(∇φi,∇gi),
we see that φiHessfi(∇ki,∇gi) L2-converges strongly to φHessf(∇k,∇g) on BR(x).
On the other hand for every q < 2 the Ho¨lder inequality yields∫
BR(xi)
|Hessfi(∇ki,∇gi)− φiHessfi(∇ki,∇gi)|2dHn
≤
∫
BR(xi)\BR−2ǫ(xi)
|Hessfi|2(1− φi)2|∇ki|2|∇gi|2dHn
≤ (L1L2)2
∫
BR(xi)\BR−2ǫ(xi)
|Hessfi |2dHn
≤ (L1L2)2(Hn(BR(xi) \BR−2ǫ(xi)))1/p
(∫
Xi
|Hessfi|2qdHn
)1/q
≤ Ψ(ǫ;n, d, v, R, L, L1, L2, q),
where p is the conjugate exponent of q. This completes the proof of Claim 2.8.
Claim 2.9. Let ki be a sequence as in Claim 2.8, let ei be a sequence in C
∞(BR(xi))
with
sup
i<∞
(||ei||L∞(BR(xi)) + ||∇ei||L∞(BR(xi)) + ||∆ei||L∞(BR(xi))) <∞, (24)
and let e ∈ H1,2(BR(x)) be the L2-strong limit on BR(x). Then Hessfi(∇ki,∇ei) L2-
converges strongly to Hessf(∇k,∇e) on BR(x).
The proof is as follows (and is essentially same to that of Claim 2.8).
We will use the same notation as in the proof of Claim 2.8. Claim 2.8 yields that
Hessfi(∇ki,∇(φiei)) L2-converges strongly to Hessf(∇k,∇(φe)) onBR(x) and that eiHessfi(∇ki,∇φi)
L2-converges strongly to eHessf (∇k,∇φ) on BR(x). Since
Hessfi(∇ki,∇(φiei)) = eiHessfi(∇ki,∇φi) + φiHessfi(∇ki,∇ei),
we see that φiHessfi(∇ki,∇ei) L2-converges strongly to φHessf (∇k,∇e) on BR(x). Then
by an argument similar to the proof of Claim 2.8, we have Claim 2.9.
We need a previous result given in [H14b].
Claim 2.10. [H14b, Definition 3.6 and Proposition 3.8] Let p > 1, let Fi be a sequence
in Lp(Xi) with
sup
i
||Fi||Lp <∞,
and let F ∈ Lp(X). Assume that {Fi}i is L1loc-weakly upper semicontinuous at a.e. x ∈ X,
i.e. there exists a Borel subset A of X such that the following two conditions hold.
(i) Hn(X \ A) = 0.
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(ii) For any ǫ > 0, z ∈ A and subsequence i(j), there exist a subsequence j(k) of i(j),
r0 > 0 and a convergent sequence zj(k)
GH→ z such that
lim sup
k→∞
(
1
Hn(Br(zj(k)))
∫
Br(zj(k))
Fj(k)dH
n
)
− 1
Hn(Br(z))
∫
Br(z)
FdHn ≤ ǫ
for every r < r0.
Then
lim sup
i→∞
∫
Xi
fidH
n ≤
∫
X
fdHn.
We are now in a position to finish the proof of Theorem 2.3.
By an argument similar to the proof of [H14b, Theorem 6.7] (more precisely, see page
64− 65 in [H14b]) with Claim 2.9 we see that {|Hessfi |2}i is L1loc-weakly upper semicon-
tinuous at a.e. x ∈ X . Thus Claim 2.10 with (18) yields
lim sup
i→∞
∫
Xi
|Hessfi|2dHn ≤
∫
X
|Hessf |2dHn. (25)
Thus Hessfi L
2-converges strongly to Hessf on X . By the equivalence of L
q-strong con-
vergence (2.5), this completes the proof of Theorem 2.3. 
Theorem 2.3 also holds even if each Xi is in M:
Corollary 2.11. Let Yi
GH→ Y in M, let fi be a sequence in D2(∆, Yi) with ∆fi ∈
L∞(Yi) ∩H1,2(Yi) such that
sup
i
(||∆fi||L∞ + ||∆fi||H1,2) <∞,
and let f ∈ L2(Y ) be the L2-strong limit on Y . Then we see that f ∈ D2(∆, Y )∩ LIP(Y )
and that Hessfi L
2q-converges strongly to Hessf on Y for every q ∈ (1, 2).
Proof. By the Lipschitz regularity of solutions of Poisson’s equations (2.2), the closed-
ness of the Dirichlet Laplacian (2.4) and the lower semicontinuity of norms with respect to
Lp-weak convergence (2.10), we see that f ∈ D2(∆, Y )∩LIP(Y ), that fi,∆fi L2-converge
strongly to f,∆f on Y , respectively and that Hessfi L
2-converges weakly to Hessf on Y .
Therefore it suffices to check that
lim
i→∞
∫
Yi
|Hessfi |2qdHn =
∫
Y
|Hessf |2qdHn (26)
for every q ∈ (1, 2). For every i let Yi,j be a sequence inM such that Yi,j GH→ Yi. From the
existence of an approximation sequence (2.6), there exist sequences gi,j ∈ H1,2(Yj) with∫
Yj
gi,jdH
n = 0
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such that gi,j,∇gi,j L2-converge strongly to ∆fi,∇∆fi on Y , respectively. Without loss
of generality we can assume that
sup
j,j
||gi,j||L∞ <∞
because the sequence gˆi,j ∈ H1,2(Yj) ∩ L∞(Yj) defined by
gˆi,j(x) :=

||∆fi||L∞ if gi,j(x) ≥ ||∆fi||L∞,
gi,j(x) if |gi,j(x)| < ||∆fi||L∞ ,
−||∆fi||L∞ if gi,j(x) ≤ −||∆fi||L∞,
satisfies that gˆi,j,∇gˆi,j L2-converge strongly to ∆fi,∇∆fi on Y , respectively.
Moreover by the smoothing via the heat flow (c.f. [AGS14, Grig09]), we can assume
that gi,j ∈ C∞(Yi,j). Let fi,j := ∆−1gi,j ∈ C∞(Yi,j), where the smoothness of fi,j follows
from the elliptic regurality theorem. Note that by the continuity of solutions of Poisson’s
equations (2.8), fi,j,∇fi,j L2-converge strongly to fi,∇fi on Yi, respectively. Then The-
orem 2.3 yields that Hessfi,j L
2q-converges strongly to Hessfi on Yi for every q ∈ (1, 2).
Thus
lim
j→∞
∫
Yi,j
|Hessfi,j |2qdHn =
∫
Yi
|Hessfi|2qdHn.
Therefore there exists a subsequence j(i) with
sup
i
(||∆fi,j(i)||L∞ + ||∆fi,j(i)||H1,2) <∞
such that fi,j(i),∆fi,j(i) L
2 converge strongly to f,∆f on Y , respectively and that
lim
i→∞
∣∣∣∣∣
∫
Yi,j(i)
|Hessfi,j(i)|2qdHn −
∫
Yi
|Hessfi|2qdHn
∣∣∣∣∣ = 0.
Thus since Theorem 2.3 yields
lim
i→∞
∫
Yi,j(i)
|Hessfi,j(i) |2qdHn =
∫
Y
|Hessf |2qdHn,
we have
lim
i→∞
∫
Yi
|Hessfi|2qdHn =
∫
Y
|Hessf |2qdHn.
This completes the proof. 
The following is the main result in this section.
Theorem 2.12 (L2-strong convergence of Hessians). Let Yi
GH→ Y in M, let fi be a
sequence in D2(∆, Yi), and let f ∈ D2(∆, Y ) be the L2-strong limit of them on Y . Assume
that ∆f is the L2-strong limit of ∆fi on Y . Then we see that Hessfi L
2-converges strongly
to Hessf on Y .
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Proof. By an argument similar to the proof of Corollary 2.11, without loss of gener-
ality we can assume that Yi ∈M and that fi ∈ C∞(Yi).
Let gi be a sequence in LIP(Y ) with∫
Y
gidH
n = 0
such that gi → ∆f in L2(Y )
By the existence of an approximate sequence (2.6) and an argument similar to the proof
of Corollary 2.11, there exists a sequence of gi,j ∈ C∞(Yj) with
sup
j
||∇gi,j||L∞ <∞
such that gi,j,∇gi,j L2-converge strongly to gi,∇gi on Y , respectively and that∫
Yj
gi,jdH
n = 0.
Let fi,j := (∆)
−1gi,j ∈ C∞(Yj). Then Theorem 2.3 with the continuity of solutions
of Poisson’s equations (2.8) yields that Hessfi,j L
2-converges strongly to Hess∆−1gi on Y .
Integrating the Bochner inequality:
−1
2
∆|∇(fi,j − fj)|2 ≥ |Hessfi,j−fj |2 − 〈∇∆(fi,j − fj),∇(fi,j − fj)〉+K1|∇(fi,j − fj)|2
gives ∫
Yj
|Hessfi,j−fj |2dHn ≤
∫
Yj
(
∆(fi,j − fj))2 −K1|∇(fi,j − fj)|2
)
dHn.
Thus letting j →∞ and i→∞ yields
lim
i→∞
(
lim sup
j→∞
∫
Yj
|Hessfi,j−fi|2dHn
)
≤ lim
i→∞
(∫
Y
(
∆(∆−1gi − f))2 −K1|∇(∆−1gi − f)|2
)
dHn
)
= 0. (27)
On the other hand, Gigli’s Bochner inequality on an RCD-space [G14, Corollary 3.3.9]
yields ∫
Y
|Hess∆−1gi−f |2dHn ≤
∫
Y
(
∆(∆−1gi − f))2 +K1|∇(∆−1gi − f)|2
)
dHn.
In particular
lim
i→∞
∫
Y
|Hess∆−1gi|2dHn =
∫
Y
|Hessf |2dHn. (28)
(27) and (28) yield
lim sup
i→∞
∫
Yi
|Hessfi|2dHn ≤
∫
Y
|Hessf |2dHn.
This completes the proof. 
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Corollary 2.13. Let Yi
GH→ Y in M, let fi, gi be sequences in D2(∆, Yi) with
sup
i
(||∇fi||L∞ + ||∇gi||L∞) <∞,
and let f, g ∈ D2(∆, Y ) be the L2-strong limits of them on Y , respectively. Assume that
∆fi,∆gi L
2-converge strongly to ∆f,∆g on Y , respectively. Then [∇fi,∇gi] L2-converges
strongly to [∇f,∇g] on Y .
Proof. Since
[∇fi,∇gi]∗ = Hessgi(∇fi, ·)−Hessfi(∇gi, ·),
Corollary 2.13 is a direct consequence of Theorem 2.12 and [H15, Proposition 3.70]. 
3. Curvature of limit spaces
We first recall two approximation theorems by new test functions given in [H14b].
Let X ∈M and let
T˜estF (X) := {f ∈ D2(∆, X);∆f ∈ LIP(X)}. (29)
Note that the Lipschitz regularity of solutions of Poisson’s equations (2.2) yields
T˜estF (X) ⊂ TestF (X)
(recall (11) for the definition of TestF (X)). Then the following were proven in [H14b].
(3.1) (Existence of H2,2-approximation) For every f ∈ LIP(X)∩D2(∆, X), there exists
a sequence fi ∈ T˜estF (X) with
sup
i
||∇fi||L∞ <∞
such that fi → f in H1,2(X) and that ∆fi → ∆f in L2(X). In particular
Hessfi → Hessf in L2(T 02X). Moreover if f ∈ TestF (X), then we can assume
that ∆fi → ∆f in H1,2(X). See [H14b, Proposition 7.5].
(3.2) (Existence of H1,p-approximation) For every f ∈ LIP(X), there exists a sequence
fi ∈ T˜estF (X) with
sup
i
||∇fi||L∞ <∞
such that fi → f in H1,p(X) for every p ∈ (1,∞).
Note that (3.2) essentially follows from (3.1).
For reader’s convenience, we give the sketches of these proofs.
We first recall a key point to prove (3.1), which is considering the following approxima-
tion:
Hδ(H˜ǫf),
where H˜ǫ is a mollified heat flow defined by
H˜ǫf :=
1
ǫ
∫ ∞
0
Hsfφ(sǫ
−1)ds, (30)
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and φ is a nonnegatively valued smooth function on (0, 1) with∫ 1
0
φ(s)ds = 1.
Then by the regularity theory of the heat flow in [AGS14, Theorems 6.1 and 6.2], letting
δ → 0 and ǫ→ 0 for Hδ(H˜ǫf) gives (3.1).
In order to get (3.2), we recall that
sup
ǫ<1
||∇H˜ǫf ||L∞ <∞
and that H˜ǫf → f in H1,2(X) (see [G14, (3.2.3)]). Since H˜ǫf ∈ LIP(X) ∩ D2(∆, X),
applying (3.1) for H˜ǫf with the equivalence of L
p-strong convergence (2.5) yields (3.2).
3.1. Riemannian curvature tensor. We prove Theorem 1.6.
Proof of Theorem 1.6.
We first prove the existence of RX . Let Xi ∈ M with Xi GH→ X . The Lq-bounds on
RXi in [ChN14, Theorem 1.8] by Cheeger-Naber yields
sup
i
||RXi||Lq <∞
for every q ∈ (1, 2). Thus by the compactness of Lq-weak convergence (2.9), without loss of
generality we can assume that there exists T ∈ ⋂q<2 Lq(T 40X) such that RXi Lq-converges
weakly to T on X for every q ∈ (1, 2).
Claim 3.1. T satisfies (8) instead of RX if fi ∈ T˜estF (X) holds for every i.
The proof is as follows. Let gi := ∆fi. By an argument similar to the proof of Corollary
2.11, there exist sequences gi,j ∈ C∞(Xj) with
sup
j
||∇gi,j||L∞ <∞
such that gi,j,∇gi,j L2-converge strongly to gi,∇gi on X , respectively and that∫
Xj
gi,jdH
n = 0.
Let fi,j = ∆
−1gi,j ∈ C∞(Xj). From the Lipschitz regurality and the continuity of solutions
of Poisson’s equations (2.2) and (2.8), we see that
sup
j
||∇fi,j||L∞ <∞
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and that fi,j,∇fi,j L2-converge strongly fi,∇fi on X , repsectively. Note that (8) gives∫
Xj
f0,j〈RXj , df1,j ⊗ df2,j,⊗df3,j ⊗ df4,j〉dHn
=
∫
Xj
(
(−〈∇f0,j ,∇f1,j〉+ f0,j∆f1,j) Hessf3,j (∇f2,j ,∇f4,j)
)
dHn
−
∫
Xj
f0,j
〈
Hessf3,j (∇f2,j , ·),Hessf4,j (∇f1,j , ·)
〉
dHn
−
∫
Xj
(
(−〈∇f0,j ,∇f2,j〉+ f0,j∆f2,j)Hessf3,j (∇f1,j ,∇f4,j)
)
dHn
+
∫
Xj
f0,j
〈
Hessf3,j (∇f1,j, ·),Hessf4,j (∇f2,j, ·)
〉
dHn
−
∫
Xj
f0,jHessf3,j ([∇f1,j ,∇f2,j],∇f4,j) dHn.
Thus letting j →∞ with Theorem 2.12 and Corollary 2.13 yields Claim 3.1.
Claim 3.1 with the existence of an H2,2-approximate sequence (3.1) and Corollary 2.13
yields that T satisfies (8) instead of RX for any fi ∈ TestF (X). Thus we have the
existence of RX .
Next we prove the uniqueness of RX . For that it suffices to check that for any q ∈ (1,∞)
and R ∈ Lq(T rsX), if ∫
X
〈R, T 〉dHn = 0
for every T ∈ TestT rsX , then R = 0, where
TestT rsX :=
{
N∑
i=1
fi,0∇fi,1 ⊗ · · · ⊗ ∇fi,r ⊗ dfi,r+1 ⊗ · · · ⊗ dfi,r+s;N ∈ N, fi,j ∈ TestF (X)
}
.
(31)
However this is a direct consequence of the following:
Claim 3.2. TestT rsX is dense in L
q(T rsX) for every q ∈ (1,∞).
Claim 3.2 follows directly from the regularity theory of the heat flow in [AGS14]. For
reader’s convenience, we give a proof in the case when r = 1, s = 0.
Since it is easy to check that the space
LIP(TX) :=
{
N∑
i=1
fi∇gi;N ∈ N, fi, gi ∈ LIP(X)
}
is dense in Lq(TX), it suffices to check that TestT 01X is dense in LIP(TX) with respect
to the Lq-norm. However this is a direct consequence of applying the existence of an
H1,p-approximate sequence (3.2) to fi, gi. Thus we have Claim 3.2.
This completes the proof of Theorem 1.6. 
RICCI CURVATURE 31
Proof of Theorem 1.7.
This is a direct consequence of the proof of Theorem 1.6. 
We end this subsection by giving several results on RX which include the symmetries
and the first Bianchi identity.
For any V,W,Z ∈ L∞(TX), we define RX(V,W )Z ∈
⋂
q<2 L
q(TX) by satisfying
〈RX(V,W )Z, Y 〉 = RX(V,W,Z, Y )
on X a.e. sense for every Y ∈ L∞(TX).
Proposition 3.3. For any V,W,Z, Y ∈ L∞(TX), we have the following:
(i) RX(V,W )Z = −RX(W,V )Z on X a.e. sense.
(ii) RX(V,W )Z +RX(W,Z)V +RX(Z, V )W = 0 on X a.e. sense.
(iii) 〈RX(V,W )Z, Y 〉+ 〈RX(V,W )Y, Z〉 = 0 on X a.e. sense.
(iv) 〈RX(V,W )Z, Y 〉 = 〈RX(Z, Y )V,W 〉 on X a.e. sense.
Proof. We give a proof of (i) only because the proofs in other cases are similar. By
the Lebesgue differentiation theorem, it suffices to check that∫
Br(x)
〈RX(V,W )Z, Y 〉dHn = −
∫
Br(x)
〈RX(W,V )Z, Y 〉dHn (32)
for any x ∈ X and r > 0.
Let Xi be a sequence in M such that Xi GH→ X . From the existence of Lp-strong
approximate sequence in [H15, Proposition 3.56], there exist sequences Vi,Wi, Zi, Yi ∈
L∞(TXi) with
sup
i
(||Vi||L∞ + ||Wi||L∞ + ||Zi||L∞ + ||Yi||L∞) <∞
such that Vi,Wi, Zi, Yi L
p-converge strongly to V,W,Z, Y on X for every p ∈ (1,∞),
respectively.
Let r > 0 and let xi
GH→ x. Then since (i) holds on a smooth Riemannian manifold, we
have ∫
Br(xi)
〈RXi(Vi,Wi)Zi, Yi〉dHn = −
∫
Br(xi)
〈RXi(Wi, Vi)Zi, Yi〉dHn
for every i. Thus letting i→∞ with Theorem 1.7 yields (32). 
3.2. Ricci tensor. Recall that our Ricci curvature RicX of X ∈M is defined by (12).
Proofs of Theorem 1.11 and of L∞-bound on Ricci curvature.
Recall that every contraction of every Lp-weak convergent sequence of tensor fields is
also an Lp-weak convergent sequence on a noncollapsed setting. See [H15, Proposition
3.72]. This result with Theorem 1.7 and the lower semicontinuity of norms with respect
to Lp-weak convergence (2.10) (c.f. [H15, Proposition 3.64]) gives Theorem 1.11 and that
RicX ∈ L∞(T 02X). 
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3.2.1. Approximation theorems. Main purpose of this subsection is to establish approxi-
mation theorems for Gigli’s test differential forms:
TestFormk(X) :=
{
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i;N ∈ N, fj,i ∈ TestF (X)
}
and test tensor fields TestT rsX with respect to the Gromov-Hausdorff topology. In or-
der to give the precise statements, we give a quick introduction of Gigli’s Sobolev spaces
H1,2H (
∧k T ∗X), H1,2C (∧k T ∗X) for differential forms defined in [G14], which will play fun-
damental roles in the study of the spectral convergence in Section 4.
For every ω ∈ TestFormk(X), we define dω ∈ TestFormk+1(X), δω ∈ L2(
∧k−1 T ∗X)
and ∇ω ∈ L2(T 0k+1X) as follows:
• If
ω =
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i
for some fj,i ∈ TestF (X), then
dω =
N∑
i=1
df0,i ∧ df1,i ∧ · · · ∧ dfk,i.
• δω can be characterized by satisfying∫
X
〈δω, η〉dHn =
∫
X
〈ω, dη〉dHn
for every η ∈ TestFormk−1(X).
• If k = 1 and
ω =
N∑
i=1
fidgi
for some fi, gi ∈ TestF (X), then
∇ω =
N∑
i=1
(dgi ⊗ dfi + fiHessgi) .
Then ∇ is well-defined for test differential k-forms by satisfying Leibniz’s rule.
Then the Sobolev spaces H1,2H (
∧k T ∗X) and H1,2C (∧k T ∗X) are defined by the completions
of TestFormk(X) with respect to the norms
||ω||H1,2H :=
(||ω||2L2 + ||dω||2L2 + ||δω||2L2)1/2
and
||ω||H1,2C :=
(||ω||2L2 + ||∇ω||2L2)1/2 ,
respectively.
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Similarly we can define the Sobolev space H1,2C (T
r
sX) for tensor fields of type (r, s) by
the completion of TestT rsX with respect to the norm
||T ||H1,2C :=
(||T ||2L2 + ||∇T ||2L2)1/2 .
Note that these definitions are equivalent versions of the original them by Gigli. See
Section 3 in [G14] or subsection 2.5.4 in [H14b] for the details.
Remark 3.4. As we mentioned in Section 1, we can find another approach in order to
define the covariant derivative, the exterior derivative and so on via a rectifiable coordinate
system in [H14a]. A main result of [H14b] states that these are compatible with Gigli’s
them as above.
Next we recall the Hodge Laplacian, denoted by ∆H,k, acting on differential k-forms on
X defined in [G14] by Gigli .
Let D2(∆H,k, X) be the set of ω ∈ H1,2H (
∧k T ∗X) such that there exists η ∈ L2(∧k T ∗X)
such that ∫
X
〈η, ξ〉dHn =
∫
X
(〈dω, dη〉+ 〈δω, δη〉)dHn
for every ξ ∈ TestFormk(X). Since η is unique if it exists, we denote it by ∆H,kω.
Gigli proved in [G14] that
TestFormk(X) ⊂ D2(∆H,k, X).
Moreover if k = 1 and
ω = fdg ∈ TestFormk(X)
for some f, g ∈ TestF (X), then
∆H,1ω = fd∆g +∆fdg − 2Hessg(∇f, ·) (33)
and
δω = −〈df, dg〉+ f∆g. (34)
See [G14, Propositions 3.5.12 and 3.6.1] or [H15, Remark 4.3].
Let us denote by C∞(T rsM) and C
∞(
∧k T ∗M) the spaces of smooth tensor fields of
type (r, s) and of smooth differential k-forms on a smooth closed Riemannian manifold
M , respectively. The following is the main result in this subsection.
Theorem 3.5 (Smooth approximation). Let Xi be a sequence in M, let X ∈ M be
the Gromov-Hausdorff limit. Then we have the following.
(i) Let ω ∈ TestFormk(X). Then there exists a sequence ωi ∈ C∞(
∧k T ∗Xi) with
sup
i
(||ωi||L∞ + ||dωi||L∞) <∞
such that ωi, dωi, ∇dωi, δωi, ∇ωi L2-converge strongly to ω, dω, ∇dω, δω, ∇ω
on X, respectively.
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(ii) Let ω ∈ TestForm1(X). Then there exists a sequence ωi ∈ C∞(T ∗Xi) with
sup
i
(||ωi||L∞ + ||dωi||L∞) <∞
such that ωi, dωi, ∇dωi, δωi, ∇δωi, ∇ωi, ∆H,1ωi L2-converge strongly to ω, dω,
∇dω, δω, ∇δω, ∇ω, ∆H,1ω on X, respectively.
(iii) Let T ∈ TestT rsX. Then there exists a sequence Ti ∈ C∞(T rsXi) with
sup
i
||Ti||L∞ <∞
such that Ti,∇Ti L2-converge strongly to T,∇T on X, respectively.
Proof. We give a proof of (i) only because the proofs in other cases are similar.
Without loss of generality we can assume that
ω = f0df1 ∧ · · · ∧ dfk
for some fi ∈ TestF (X).
We first prove the following:
Claim 3.6. (i) holds if fi ∈ T˜estF (X) holds for every i (recall (29) for the definition
of T˜estF (X)).
The proof is as follows.
By an argument similar to the proof of Corollary 2.11, there exist sequences gi,j ∈
C∞(Xj) with
supi,j(||∇gi,j||L∞ + ||gi,j||L∞) <∞
such that gi,j,∇gi,j L2-converge strongly to ∆fi,∇∆fi on X , respectively and that∫
Xj
gi,jdH
n = 0.
Let fi,j := ∆
−1gi,j ∈ C∞(Xj).
By the Lipschitz regularity and the continuity of solutions of Poisson’s equations (2.2)
and (2.8), we see that
sup
i,j
(||fi,j||L∞ + ||∇fi,j||L∞) <∞ (35)
and that fi,j,∇fi,j L2-converge strongly to fi,∇fi on X , respectively.
Let
ωj := f0,jdf1,j ∧ · · · ∧ dfk,j ∈ C∞(
k∧
T ∗Xj).
Then (35), Theorem 2.12 and Corollary 2.13 yield that
sup
j
(||ωj||L∞ + ||dωj||L∞) <∞.
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and that Hessfi,j , [∇fi,j,∇fl,j] L2-converge strongly to Hessfi , [∇fi,∇fl] on X , respec-
tively. Thus by [G14, Proposition 3.5.12] we see that ωj, dωj,∇dωj, δωj,∇ωj L2-converge
strongly to ω, dω,∇dω, δω,∇ω on X , respectively. This completes the proof of Claim 3.6.
We are now in a position to finish the proof of (i). From the existence of an H2,2-
approximation (3.1), there exist sequences f ji ∈ T˜estF (X) with
sup
i,j
||∇f ji ||L∞ <∞
such that f ji ,∆f
j
i → fi,∆fi in H1,2(X), respectively.
Let
ωj := f j0df
j
1 ∧ · · · ∧ df jk .
Then we see that
sup
j
(||ωj||L∞ + ||dωj||L∞) <∞
and that ωj, dωj,∇dωj, δωj,∇ωj L2-converge strongly to ω, dω,∇dω, δω,∇ω on X , re-
spectively. Thus applying Claim 3.6 for ωj gives (i). 
Remark 3.7. By the proof of Theorem 3.5, we also have the following approximation.
(i) Let
˜TestFormk(X) :=
{
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i;N ∈ N, fj,i ∈ T˜estF (X)
}
⊂ TestFormk(X).
In (i) of Theorem 3.5, if ω ∈ ˜TestFormk(X), then we can take an approximate
sequence ωi as in the conclusion with an additional property:
sup
i
(||∇dωi||L2q + ||∇ωi||L2q) <∞
for every q ∈ (1, 2). Moreover if k = 1, then we can also assume
sup
i
(||∇δωi||L∞ + ||∆H,1ωi||L2q) <∞.
(ii) Let
T˜estT rsX
:=
{
N∑
i=1
fi,0∇fi,1 ⊗ · · · ⊗ ∇fi,r ⊗ dfi,r+1 ⊗ · · · ⊗ dfi,r+s;N ∈ N, fi,j ∈ T˜estF (X)
}
⊂ TestT rsX
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(see (31) for the definition of TestT rsX). In (iii) of Theorem 3.5, if T ∈ T˜estT rsX ,
then we can take an approximate sequence Ti as in the conclusion with an addi-
tional property:
sup
i
||∇Ti||L2q <∞
for every q ∈ (1, 2).
3.2.2. Bochner’s formula for differential one-forms. In this section we prove Bochner’s
formula for differential one-forms (Theorem 1.8) by using Theorem 3.5.
For any p ∈ (1,∞) and q ∈ [1,∞], let Dp,q(∆, X) be the set of f ∈ H1,p(X) such that
there exists g ∈ Lq(X) satisfying∫
X
〈∇f,∇h〉dHn =
∫
X
ghdHn
for every h ∈ LIP(X). Since g is unique if it exists, we denote it by ∆f . Note that by
the definition we have D2(∆, X) = D2,2(∆, X).
Proposition 3.8. Let Xi
GH→ X in M, let p, q ∈ (1,∞), let fi be a sequence in
Dp,q(∆, Xi) with
sup
i
(||fi||H1,p + ||∆fi||Lq) <∞,
and let f be the Lp-weak limit on X. Then f ∈ Dp,q(∆, X) and ∆fi Lq-converges weakly
to ∆f on X.
Proof. The proof is essentially same to that of [H15, Theorem 4.1]. For reader’s
convenience we give a proof.
The Rellich compactness theorem (2.3) yields that f ∈ H1,p(X) and that ∇fi Lp-
converges weakly to ∇f on X .
Let h ∈ LIP(X) and let i(j) be a subsequence of N. By the compactness of Lq-weak
convergence (2.9), there exist a subsequence j(k) of i(j) and the Lq-weak limit F of ∆fj(k)
on X . By the existence of an approximate sequence of Lipschitz functions (2.6), there
exists a sequence hj(k) ∈ LIP(Xj(k)) with
sup
k
||∇hj(k)||L∞ <∞
such that hj(k),∇hj(k) Lr-converge strongly to h,∇h on X for every r ∈ (1,∞), respec-
tively. Since ∫
Xj(k)
〈∇hj(k),∇fj(k)〉dHn =
∫
Xj(k)
hj(k)∆fj(k)dH
n,
letting k →∞ yields ∫
X
〈∇h,∇f〉dHn =
∫
X
hFdHn.
Since h and i(j) are arbitrary, this completes the proof. 
The following is Bochner’s formula for test differential one-forms on X .
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Theorem 3.9 (Bochner’s formula for test differential one-forms). Let ω ∈ TestForm1(X).
Then we have the following:
(i) |ω|2 ∈ D2,1(∆, X).
(ii) |ω|2 ∈ D2,q(∆, X) for every q < 2 if ω ∈ ˜TestForm1(X).
(iii) We have
−1
2
∆|ω|2 = |∇ω|2 − 〈∆H,1ω, ω〉+ 〈RicX , ω ⊗ ω〉. (36)
Proof. Let Xi be a seuqnece in M such that Xi GH→ X in M.
We first check (ii). Assume that ω ∈ ˜TestForm1(X). Then (ii) of Theorem 3.5 with (i)
of Remark 3.7 yields that there exists a sequence ωi ∈ C∞(T ∗Xi) with
sup
i
(||ωi||L∞ + ||∇ωi||L2q + ||∆H,1ωi||L2q) <∞
for every q ∈ (1, 2) such that ωi,∇ωi,∆H,1ωi L2-converge strongly to ω,∇ω,∆H,1ω on X ,
respectively. In particular since
|∇|ωi|2| ≤ 2|ωi||∇ωi|,
the Rellich compactness theorem (2.3) yields |ω|2 ∈ H1,2(X).
On the other hand, Bochner’s formula on a smooth Riemannian manifold yields
−1
2
∆|ωi|2 = |∇ωi|2 − 〈∆H,1ωi, ωi〉+ 〈RicXi , ωi ⊗ ωi〉. (37)
In particular
sup
i
||∆|ωi|2||Lq <∞
for every q ∈ (1, 2). Thus letting i → ∞ in (37) with Proposition 3.8 gives (ii) and (iii)
in the case when ω ∈ ˜TestForm1(X).
Next we prove (i) and (iii) in general case.
By an argument similar to that above with the existence of an H2,2-approximate
sequence (3.1), we see that |ω|2 ∈ H1,2(X) and that there exists a sequence ωi ∈
˜TestForm1(X) with
sup
j
||ωj||L∞ <∞
such that ωj,∇ωj,∆H,1ωj L2-converge strongly to ω,∇ω,∆H,1ω on X , respectively.
Let f ∈ LIP(X). Then (iii) of Theorem 3.9 in the case when ω ∈ ˜TestForm1(X) yields
− 1
2
∫
X
〈df, d|ωj|2〉dHn
=
∫
X
(
f |∇ωj|2 − 〈∆H,1ωj, fωj〉+ f〈RicX , ωj ⊗ ωj〉
)
dHn. (38)
Note that by the Rellich compactness theorem (2.3), d|ωj|2 L2-converges weakly to d|ω|2
on X . Thus letting j →∞ in (38) gives (i) and (iii) in general case. 
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Note that on a noncollapsed Ricci limit space (Y,Hn) (see Remark 4.10 for the definition
of Ricci limit spaces), it was proven in [H14b, Theorem 7.12] that H1,2H (T
∗Y ) coincides
with H1,2C (T
∗Y ) as sets and that the identity map
id : H1,2H (T
∗Y )→ H1,2C (T ∗Y )
gives a homeomorphism between them. The following gives a refinement of it on our
setting.
Corollary 3.10. We see that H1,2H (T
∗X) = H1,2C (T
∗X) and that for every ω ∈
H1,2H (T
∗X),
||ω||2
H1,2H
= ||ω||2
H1,2C
+
∫
X
〈RicX , ω ⊗ ω〉dHn. (39)
Proof. Theorem 3.9 yields that (39) holds if ω ∈ TestForm1(X), which implies Corol-
lary 3.10. 
We are now in a position to give Bochner’s formula for differential one-forms.
Theorem 3.11 (Bochner’s formula for differential one-forms). Let ω ∈ H1,2H (T ∗X).
Then we have the following:
(i) |ω|2 ∈ H1,2n/(2n−1)(X).
(ii) We have
− 1
2
∫
X
〈df, d|ω|2〉dHn
=
∫
X
(
f |∇ω|2 − 〈dω, d(fω)〉 − (δω)(δ(fω)) + f〈RicX , ω ⊗ ω〉
)
dHn (40)
for every f ∈ LIP(X).
In particular if ω ∈ D2(∆H,1, X), then |ω|2 ∈ D2n/(2n−1),1(∆, X) and (36) hold (i.e. we
have Theorem 1.8).
Proof. We first prove the following:
Claim 3.12. For every η ∈ TestForm1(X),(
1
Hn(X)
∫
X
∣∣∣∣|η|2 − 1Hn(X)
∫
X
|η|2dHn
∣∣∣∣n/(n−1) dHn
)(n−1)/n
≤ C(n,K1, d)
Hn(X)
∫
X
(|η|2 + |∇η|2) dHn. (41)
The proof is as follows. Recall that the (n/(n− 1), 1)-Poincare´ inequality:(
1
Hn(M)
∫
M
∣∣∣∣f − 1Hn(M)
∫
M
fdHn
∣∣∣∣n/(n−1) dHn
)(n−1)/n
≤ C(n,K1, d)
Hn(M)
∫
M
|∇f |dHn.
(42)
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holds for any n-dimensional closed Riemannian manifold M with RicM ≥ K1, and f ∈
LIP(M) (see [MS95, The´ore`me 1.1]). By the stability of Poincare´ inequalities with respect
to the Gromov-Hausdorff topology in [H14b, Theorem 3.2], (42) holds for any (n,K1)-
Ricci limit spaces. In particular this also holds for X .
Then since
|∇|η|2| ≤ 2|η||∇η| ≤ |η|2 + |∇η|2,
applying (42) for f = |η|2 ∈ H1,2(X) gives Claim 3.12.
Let f ∈ LIP(X) and let ωj be a sequence in TestForm1(X) such that ωj → ω in
H1,2H (T
∗X). Note that Corollary 3.10 yields that ∇ωj →∇ω in L2(T 02X).
On the other hand, since Young’s inequality yields
|d|ωj|2|pn ≤ 2pn|ωj|pn|∇ωj|pn ≤ (2− pn)2pn−1|ωj|2n/(n−1) + pn2pn−1|∇ωj|2,
the Rellich compactness (2.3) with Claim 3.12 gives that (i) holds and that d|ωj|2 Lpn-
converges weakly to d|ω|2 on X , where
2n
n− 1 =
2pn
2− pn ,
i.e.
pn :=
2n
2n− 1 .
Since Theorem 3.9 gives
− 1
2
∫
X
〈df, d|ωj|2〉dHn
=
∫
X
(
f |∇ωj|2 − 〈dωj, d(fωj)〉 − (δωj)(δ(fωj)) + f〈RicX , ωj ⊗ ωj〉
)
dHn,
letting j →∞ yields (40). This completes the proof. 
We give a generalization of (33) in order to prove Theorem 1.9.
Proposition 3.13. Let f ∈ D2(∆, X) and let g ∈ LIP(X). Then gdf ∈ H1,2H (T ∗X)
with d(gdf) = dg ∧ df and δ(gdf) = −〈df, dg〉 + g∆f . Moreover if ∆f ∈ H1,2(X) and
g ∈ D2(∆, X) with ∆gdf ∈ L2(T ∗X), then gdf ∈ D2(∆H,1, X) with
∆H,1(gdf) = gd∆f +∆gdf − 2Hessf (∇g, ·). (43)
Proof. Note that the equality δ(gdf) = −〈df, dg〉+ g∆f was known in this case (see
for instance [H15, Remark 4.3]).
Let hi be a sequence in LIP(X) with∫
X
hidH
n = 0
and hi → ∆f in L2(X). Let fi := ∆−1hi. By the Lipschitz regurality and the continuity
of solutions of Poisson’s equations (2.2) and (2.8), we see that fi ∈ T˜estF (X) and that
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fi, dfi L
2-converge strongly to f, df on X , respectively. In particular dfi is a convergent
sequence in H1,2H (T
∗X).
Recall that H˜ǫg ∈ TestF (X) for every ǫ > 0 (c.f. [G14, (3.2.3)]), where H˜ǫ is a mollified
heat flow defined by (30). Let gi := H˜i−1g. Note that
sup
i
||∇gi||L∞ <∞
and that gi, dgi L
2-converge strongly to g, dg on X , respectively. In particular since gidfi is
a convergent sequence in H1,2H (T
∗X) with d(gidfi) = dgi ∧ dfi (c.f. [G14, Theorem 3.5.2]),
we have gdf ∈ H1,2H (T ∗X) with d(gdf) = dg ∧ df .
Next we assume that ∆f ∈ H1,2(X) and that g ∈ D2(∆, X) with ∆gdf ∈ L2(T ∗X).
We also use the same notation as above.
Then we can take fi as above with an additional condition that ∆fi → ∆f in H1,2(X).
Note that ∆gi → ∆g in L2(X) and that (33) yields
∆H,1(gidfi) = gid∆fi +∆gidfi − 2Hessfi(∇gi, ·).
Thus for every ω ∈ TestForm1(X) since∫
X
(〈d(gidfi), dω〉+ (δ(gidfi))(δω))dHn
=
∫
X
(〈gid∆fi +∆gidfi, ω〉 − 2〈Hessfi, dgi ⊗ ω〉) dHn,
letting i→∞ with Theorem 2.12 yields∫
X
(〈d(gdf), dω〉+ (δ(gdf))(δω))dHn
=
∫
X
(〈gd∆f +∆gdf, ω〉 − 2〈Hessf , dg ⊗ ω〉)dHn.
This gives gdf ∈ D2(∆H,1, X) with (43). 
We end this subsection by giving a proof of Theorem 1.9.
Proof of Theorem 1.9.
By Proposition 3.13, applying Theorem 3.11 for ω = dh yields Theorem 1.9. 
3.3. Scalar curvature and Lp-strong convergence of curvature. We first prove
Theorem 1.12.
Proof of Theorem 1.12.
This follows directly from an argument similar to the proof of Theorem 1.11, i.e. we
recall that under a noncollapsed setting, for every Lp-weak convergent sequence of tensor
fields of type (0, 2), the traces is also an Lp-weak convergent sequence ([H15, Proposition
3.72]). By applying this result for our Ricci curvature with Theorem 1.11 we have Theorem
1.12. 
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The following Gauss-Bonnet and Gauss-Bonnet-Chern formulae on a singular setting
are a direct consequence of Theorem 1.12. Recall that the scalar curvature is twice the
Gauss curvature on a smooth surface.
Proposition 3.14. Let X ∈M.
(i) If dimX = 2 (i.e. n = 2), then we have
4πχ(X) =
∫
X
sXdH
2,
where χ(X) is the Euler characteristic of X.
(ii) If dimX = 4 and there exists a sequence of 4-dimensional closed manifolds Mi
with
sup
i
||SecMi||L∞ <∞
such that Mi
GH→ X and that RMi L2-converges strongly to RX on X, then we
have
32πχ(X) =
∫
X
(|RX |2 − 4|RicX |2 + |sX |2) dHn.
Proof. We give a proof of (i) only because the proof of (ii) is similar.
Let Xi be a sequence in M with Xi GH→ X in M. It is well-known that Xi is homeo-
morphic to X for every sufficiently large i. In particular
χ(Xi) = χ(X)
for every sufficiently large i.
On the other hand, since
4πχ(Xi) =
∫
Xi
sXidH
2,
letting i→∞ with Theorem 1.12 gives (i). 
We now give the following questions:
(Q1) When does the L2-strong convergence of Ricci curvature imply that of Riemannian
curvature?
(Q2) When does the L2-strong convergence of scalar curvature imply that of Ricci
curvature?
Note that the converse are always satisfied ([H15, Proposition 3.74]).
Since we will give a positive answer to the question (Q2) on a Ka¨hler setting in Section
4 (Theorem 4.29), we here give a positive answer to the question (Q1) in the case when
n = 4 and the limit is smooth:
Proposition 3.15. Let Xi
GH→ X in M with dimX = 4. Then if RicXi L2-converges
strongly to RicX on X, then RXi L
2-converges strongly to RX on X.
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Proof. By Cheeger-Colding’s stability theorem in [ChC97, Theorem A.1.12], Xi is
diffeomorphic to X for every sufficiently large i. In particular χ(Xi) = χ(X) for every
sufficiently large i. Thus by the Chern-Gauss-Bonnet formula and Theorem 1.7, we see
that RXi L
2-coverges weakly to RX on X (c.f. [ChN14, Theorem 1.13]).
Assume that RicXi L
2-converges strongly to RicX on X . By the Chern-Gauss-Bonnet
formula and the lower semicontinuity of norms with respect to the Lp-weak convergence
(2.10), we have
32πχ(X) = lim
i→∞
32πχ(Xi)
= lim
i→∞
∫
Xi
(|RXi|2 − 4|RicXi|2 + |sXi|2) dHn
≥
∫
X
(|RX |2 − 4|RicX |2 + |sX |2) dHn = 32πχ(X).
Thus
lim
i→∞
∫
Xi
|RXi|2dHn =
∫
X
|RX |2dHn.
This completes the proof. 
The assumption of the smoothness of the limit as in Proposition 3.15 is essential. We
give an example.
Example 3.16 (Page [P78], Kobayashi-Todorov [KT87]). Let {−1, 1} act on a complex
2-torus T := C2/Z2 by
(−1) · (z1, z2) := (−z1,−z2).
Define an orbifold X by
X := T/{±1}
with the standard flat orbifold metric gX . It is not difficult to check that the second Betti
number b2(X) is equal to 6.
Let π : Y → X be the minimal resolusion and let S be the singular set of X (which
consists of 16-points). It is well-known that Y is a Kummer surface. In particular χ(Y )
is equal to 24 and the second Betti number b2(Y ) is equal to 22.
By the Calabi-Yau theorem, we see that there exists a sequence of Ricci flat Ka¨hler-
Einstein metrics gi on Y such that the following hold.
(i) The volume of Y with respect to gi is equal to 1.
(ii) For every x ∈ S, the volume of π−1(x) with respect to gi is equal to i−1.
(iii) (Y, gi)
GH→ (X, gX).
In particular we see that Ric(Y,gi) L
2-converges strongly to Ric(X,gX) on X and that the
lower semicontinuity of second Betti numbers
lim inf
i→∞
b2(Y, gi) > b2(X, gX)
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holds.
On the other hand, the Chern-Gauss-Bonnet formula implies∫
X
|R(Y,gi)|2dH4 = 32π2χ(Y ) = 768π2.
Thus by Theorem 1.7, R(Y,gi) L
2-converges weakly to R(X,gX) on X .
However since ∫
X
|R(X,gX)|2dH4 = 0,
R(Y,gi) does not L
2-converge strongly to R(X,gX) on X .
We also give an example of a Gromov-Hausdorff convergent sequence with bounded
curvature such that the scalar curvature does not L2-strong converge.
Example 3.17. Let (M, gM) be an n-dimensional closed Riemannian manifold. Then
it is not difficult to check that there exists a sequence fi ∈ C∞(M) with
sup
i
||Hessfi||L∞ <∞
such that fi L
2-converge strongly to a smooth function f ∈ C∞(M) on M and that ∆fi
does not L2-converge strongly to ∆f on M . Note that by the Lipschitz regurality of
solutions of Poisson’s equations (2.2),
sup
i
||∇fi||L∞ <∞.
In particular fi → f in C0(M).
Then from [Sak96], the following hold:
(i) We have
sup
i
||R(M,efigM )||L∞ <∞.
(ii) (M, efigM)
GH→ (M, efgM).
(iii) s(M,efigM ) does not L
2-converge strongly to s(M,ef gM ) on M .
3.4. Proof of compatibilities. In this section we prove compatibilities as we stated in
Section 1.
3.4.1. Smooth setting. We give a proof of Proposition 1.16.
Proof of Proposition 1.16.
Let RˆU be the Riemannian curvature tensor of (U, gX|U) defined by the ordinary way
of Riemannian geometry. Then by (8) we have∫
U
f0〈RX , df1 ⊗ df2,⊗df3 ⊗ df4〉dHn =
∫
U
f0〈RˆU , df1 ⊗ df2,⊗df3 ⊗ df4〉dHn
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for any fi ∈ C∞c (U), where C∞c (U) denotes the set of smooth functions on U with compact
supports. Since the space{
N∑
i=1
f0df1 ⊗ df2,⊗df3 ⊗ df4;N ∈ N, fi ∈ C∞c (U)
}
is dense in Lq(T 40U) for any q ∈ (1,∞), we have RX = RˆU on U a.e. sense. 
3.4.2. Lott’s Ricci mesure. In this section we give a proof of Theorem 1.18. See page 7
in [L15] for the precise definition of Lott’s Ricci measure on a C1,1-manifold. Note that
by Theorem 1.9 and the L∞-bound on our Ricci curvature, an essential assumption in
order to define the Ricci measure, [L15, Assumption 3.19], holds for the regular set R
of every X ∈ M. In particular Lott’s Ricci measure is well-defined on R (note that the
C1,α-regularity of the Riemannian metric yields that the Levi-Civita connection is tame
in the sense of [L15]).
Proof of Theorem 1.18.
Let fi be locally Lipschitz functions on R, let gi be C2-functions on R with compact
supports, and let Vi := fi∇gi, where i = 1, 2. It suffices to check that∫
X
RicX(V1, V2)dH
n =
∫
X
(∑
i,j
(
(∇iV i1 )(∇jV i2 )− (∇iV j1 )(∇jV i2 )
))
dHn. (44)
See [L07, (1.3)].
Note that gi ∈ D2(∆, X) and that without loss of generality we can assume that
fi ∈ LIP(X). Then Corollary 3.10 and Proposition 3.13 yield Vi ∈ H1,2C (TX) and∫
X
RicX(V1, V2)dH
n =
∫
X
(〈dV ∗1 , dV ∗2 〉+ (δV ∗1 )(δV ∗2 )− 〈∇V1,∇V2〉) dHn. (45)
On the other hand, since V ∗i ∈ H1,2H (T ∗X) = H1,2C (T ∗X), dV ∗i , δV ∗i ,∇Vi coincide with
that defined by the ordinary way of Riemannian geometry via the C1-Riemannian metric
gX |R, respectively (c.f. [H14b, Theorems 1.10 and 7.3]). Therefore (45) yields (44). 
3.4.3. Gigli’s Ricci curvature. We first recall the definition of Gigli’s Ricci curvature on
our setting.
Let X ∈ M. Then Gigli’s Ricci curvature RicX is defined by the bilinear continuous
map from H1,2H (TX)×H1,2H (TX) to Meas(X) such that
RicX(V,W ) := −∆〈V,W 〉
2
+
(〈∆H,1V ∗,W ∗〉
2
+
〈∆H,1W ∗, V ∗〉
2
− 〈∇V,∇W 〉
)
dHn ∈ Meas(X)
(46)
holds for any V,W ∈ TestTX , where H1,2H (TX) is the set of V ∈ L2(TX) such that
V ∗ ∈ H1,2H (T ∗X) and ∆〈V,W 〉 ∈ Meas(X) is the measure valued Laplacian of 〈V,W 〉
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defined by satisfying ∫
X
gd(∆〈V,W 〉) =
∫
X
〈df, dg〉dHn
for every g ∈ LIP(X) (recall that Meas(X) is the Banach space of finite signed Radon
measures on X equipped with the total variation norm). See 98 page of [G14] and [G14,
Proposition 3.1.3 and Theorem 3.6.7] for the details (note that the sign of our Laplacian
is different from Gigli’s one).
We now prove Theorem 1.17.
Proof of Theorem 1.17.
For any V,W ∈ TestT 10X , (iii) of Theorem 3.9 yields
RicX(V,W ) = −∆〈V,W 〉
2
+
〈∆H,1V ∗,W ∗〉
2
+
〈∆H,1W ∗, V ∗〉
2
+ 〈∇V,∇W 〉 ∈ L1(X).
On the other hand, by the definition of ∆ with (i) of Theorem 3.9, we have
∆〈V,W 〉 =∆〈V,W 〉
in Meas(X) via the canonical inclusion L1(X) →֒ Meas(X). Therefore this completes the
proof of Theorem 1.17. 
Remark 3.18. Let X ∈ M. We give positive answers to three questions on Gigli’s
Ricci curvature RicX given in the final section of [G14] on our setting. His questions
are closely related to the realization of RicX as a tensor field. On our setting, Theorem
1.17 gives the realization. In particular we can give positive answers to his questions,
automatically.
In order to introduce the precise statement, we first discuss the following two questions
of them.
(Q3) Can we extend RicX to a bilinear continuous map from [L
2(TX)]2 to Meas(X)?
(Q4) Let
Ediff(V ) := 1
2
inf
{Vi}i
(
lim inf
i→∞
(∫
X
(|dV ∗i |2 + |δV ∗i |2 − |∇Vi|2) dHn))
for every V ∈ L2(TX), where the infimum runs over all sequence Vn ∈ H1,2H (TX)
converging to V in L2(TX). Then is it true that
Ediff(V ) = 1
2
∫
X
(|dV ∗|2 + |δV ∗|2 − |∇V |2) dHn
for every V ∈ H1,2H (TX)?
See 156 page in [G14].
Theorem 3.11 with the L∞-bound on our Ricci curvature yields that RicX can be
extended to the bilinear continuous map from [L2(TX)]2 to L1(X) defined by
(V,W ) 7→
∫
X
RicX(V,W )dH
n.
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This gives the positive answer to the question (Q3).
On the other hand, for the question (Q4), Theorem 3.11 yields that
Ediff(V ) = 1
2
∫
X
RicX(V, V )dH
n =
1
2
∫
X
(|dV ∗|2 + |δV ∗|2 − |∇V |2) dHn
for every V ∈ H1,2H (TX). This gives the positive answer to the question (Q4).
Finally, Gigli gave the following question:
(Q5) Does the following linearlity
∑
i
fiRicX(Vi, V ) = RicX
(∑
i
fiVi, V
)
(47)
holds for any fi ∈ C0(X) and Vi, V ∈ H1,2H (TX)?
See page 157 in [G14].
It is also trivial from Theorem 1.17 that the question (Q5) has the positive answer on
our setting. Note that by the answer to the question (Q3), (47) holds even if Vi, V ∈
L2(TX).
3.4.4. RCD-setting. We give a proof of Theorem 1.10.
Proof of Theorem 1.10.
First we assume that (i) holds. Let h ∈ D2(∆, X). Then by (10) we have
−1
2
∫
X
〈∇f,∇|∇h|2〉dHn ≥
∫
X
(
f
(∆h)2
n
− f(∆h)2 +∆h〈∇f,∇h〉 + fRicX(∇h,∇h)
)
dHn
for every f ∈ LIP(X) with f ≥ 0. In particular if ∆h ∈ H1,2(X), then
−1
2
∫
X
∆f |∇h|2dHn ≥
∫
X
(
f
(∆h)2
n
− f〈∇∆h,∇h〉+ fK|∇h|2
)
dHn
for every f ∈ D2(∆, X) with f ≥ 0 and ∆f ∈ L∞(X). Thus the equivalence between the
Bochner inequalty and the reduced curvature-dimension condition in [EKS15, Theorem
7] (see also [AMS15]) implies that (ii) holds.
Since it is known that if (ii) holds, then (iii) holds, finally, we assume that (iii) holds.
Then by the equivalence between a lower bound of Gigli’s Ricci curvature and an RCD-
condition [G14, Theorem 3.6.7], Theorem 1.17 yields that∫
A
RicX(V, V )dH
n ≥ K
∫
A
|V |2dHn (48)
for any V ∈ TestT 10 (X) and Borel subset A of X . By the positive answer to the question
(Q3) in Remark 3.18, (48) holds for every V ∈ L2(X). Then it is easy to check that this
implies that (i) holds. 
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3.5. Proof of stabilities. We prove Theorem 1.15.
Proof of Theorem 1.15.
We give a proof in the case of lower bounds in (i) of Theorem 1.15 only because the
proofs of other statements are similar.
It suffices to check that
〈RX , V ⊗W ⊗W ⊗ V 〉 ≥ K
(|V |2|W |2 − 〈V,W 〉2) (49)
on Br(x) a.e. sense for any V,W ∈ L∞(TX).
From the existence of an Lp-approximate sequence in [H15, Proposition 3.55], there
exist sequences Vi,Wi ∈ L∞(TXi) with
sup
i
(||Vi||L∞ + ||Wi||L∞) <∞
such that Vi,Wi L
p-converge strongly to V,W on X for every p ∈ (1,∞), respectively.
Let y ∈ Br(x), let t > 0 be a sufficiently small positive number, and let yi be a sequence
in Br(xi) with yi
GH→ y. Then by the assumption since
1
Hn(Bt(yi))
∫
Bt(yi)
〈RXi , Vi ⊗Wi ⊗Wi ⊗ Vi〉dHn
≥ K
Hn(Bt(yi))
∫
Bt(yi)
(|Vi|2|Wi|2 − 〈Vi,Wi〉2) dHn,
letting i → ∞ and t → 0 with Theorem 1.7 and the Lebesgue differentiation theorem
yield (49). 
4. Applications
4.1. Spectral convergence of the Hodge Laplacian. In order to establish the spectral
convergence of ∆H,1, we recall the space W2p for differential one-forms on our setting. See
[H14b, Definition 6.2] in the case of tensor fields.
Definition 4.1 (The space W2p). Let X ∈M and let p > 1. We denote by W2p(T ∗X)
the set of ω ∈ L2p(T ∗X) with the following three conditions:
(i) ω is differentiable on X a.e. in the sense of [H14a].
(ii) ∇ω ∈ L2(T 02X), where ∇ is the covariant derivative in the sense of [H14a].
(iii) For every x ∈ X , every r > 0, every harmonic function h on Br(x), and every
s < r, there exists q > 1 such that
〈ω, dh〉|Bs(x) ∈ H1,q(Bs(x)).
Define the complete norm || · ||W2p on W2p(T ∗X) by
||ω||W2p := ||ω||L2p + ||∇ω||L2.
We need the following previous results in [H14b]:
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Proposition 4.2. [H14b, Theorems 1.10, 1.11, 6.7, 6.9, 6.14, and 7.8] Let X ∈ M.
Then we have the following.
(i) (Sobolev space is a subspace of aW2p-space) We haveH
1,2
H (T
∗X) ⊂W2n/(2n−1)(T ∗X).
More precisely, for every ω ∈ H1,2H (T ∗X) with
1
Hn(X)
∫
X
(|ω|2 + |dω|2 + |δω|2) dHn ≤ L,
we have
||ω||W2n/(2n−1) ≤ C(n,K1, d, L).
(ii) (Compatibility) For every ω ∈ H1,2H (T ∗X), the derivatives dω, δω,∇ω in the sense
of [H14a] coincide with Gigli’s them in the sense of [G14].
(iii) (Rellich compactness theorem) Let Xi
GH→ X in M, let p > 1, and let ωi be a
sequence in W2p(T
∗Xi) with
sup
i
||ωi||W2p <∞.
Then there exist a subsequence i(j) and ω ∈ W2p(T ∗X) such that ωi(j) L2-
converges strongly to ω on X and that ∇ωi(j) L2-converges weakly to ∇ω on
X.
We prove a part of Theorem 1.1 for ∆H,1 and give the density of the space of eigen-
one-forms in the Sobolev space:
Theorem 4.3. Let X ∈M. Then we have the following.
(i) (Finite dimensionalities of eigenspaces) For every α ≥ 0, the space
EH,1α := {ω ∈ D2(∆H,1, X);∆H,1ω = αω}
is finite dimensional.
(ii) (Discreteness and unboundedness of the spectrum) The set of the spectrum of ∆H,1
SH,1 := {α ∈ R≥0;EH,1α 6= {0}}
is discrete and unbounded.
(iii) (Density of eigenspaces) The space
EH,1 :=
⊕
α≥0
EH,1α
is dense in H1,2H (T
∗X).
Proof. We first prove (i). Note that the proof is standard by using Proposition 4.2.
Let ωi be a sequence in E
H,1
α with ||ωi||L2 = 1. Note that ||ωi||2H1,2H = 1 + α. Since
every bounded sequence in H1,2H (T
∗X) has a weak convergent subsequence in H1,2H (T
∗X),
Proposition 4.2 with a weak continuity of the Hodge Laplacian in [H14b, Theorem 7.16]
yields that there exist a subsequence i(j) and ω ∈ W2n/(2n−1)(T ∗X) ∩ D2(∆H,1, X) such
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that ωi(j) → ω in L2(T ∗X) and that ∆H,1ωi(j) L2-converges weakly to ∆H,1ω on X ,
respectively. In particular ω ∈ EH,1α .
This gives that the set
{ω ∈ EH,1α ; ||ω||L2 = 1}
is compact with respect to the norm || · ||L2. Recall that in general, a normed space
(V, || · ||) is a finite dimensional if and only if the set
S := {v ∈ V ; ||v|| = 1}
is compact. Therefore EH,1α is finite dimensional.
Next we prove (ii). Assume that SH,1 is not discrete. Then there exist a sequence
αi ∈ SH,1 and α ∈ R≥0 such that αi 6= α and that αi → α. Let ωi ∈ EH,1αi with
||ωi||L2 = 1. Then by an argument similar to the proof of (i), without loss of generality
we can assume that there exists the L2-strong limit ω of ωi on X with ω ∈ EH,1α .
Let {ηi}dimE
H,1
α
i=1 be a basis of E
H,1
α . Since∫
X
〈ωi, ηl〉dHn = 0,
by letting i→∞, we have ∫
X
〈ω, ηl〉dHn = 0.
In particular
{ηi}dimE
H,1
α
i=1 ∪ {ω}
are linearly independent in EH,1α . This is a contradiction. Thus S
H,1 is discrete.
The following is well-known on a smooth setting:
Claim 4.4 (Min-max principle). We have
λH,1k (X) = inf
Ek
(
sup
ω∈Ek
RH,1(ω)
)
,
where Ek runs over all k-dimensional subspace of H
1,2
H (T
∗X) and
RH,1(ω) :=
∫
X
(|dω|2 + |δω|2)dHn∫
X
|ω|2dHn .
We skip the proof of Claim 4.4 because it is standard by using Proposition 4.2. See for
instance [Sak96].
It is easy to check that H1,2H (T
∗X) is infinite dimensional. Thus Claim 4.4 yields that
SH,1 is an infinite set. Since SH,1 is an infinite discrete set, SH,1 is unbounded. This
completes the proof of (ii).
On the other hand, the proof of (iii) is also standard by using Proposition 4.2 (see also
[Sak96]). Thus we have Theorem 4.3.
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Proposition 4.5. Let X ∈ M and let T ∈ L∞(T rsX) (or ω ∈ L∞(
∧s T ∗X), respec-
tively). Assume that the following three conditions hold.
(i) T (or ω, respectively) is differentiable on X a.e. in the sense of [H14a].
(ii) ∇T ∈ L2(T rs+1X) (or ∇ω ∈ L2(T 0s+1X), respectively).
(iii) We have
〈T,∇f1 ⊗ · · · ⊗ ∇fr ⊗ dfr+1 ⊗ · · · ⊗ dfr+s〉 ∈ H1,2(X) (50)
(or
〈ω, df1 ∧ · · · ∧ dfs〉 ∈ H1,2(X), (51)
respectively) for any fi ∈ D2(∆, X) with ∆fi ∈ L∞(X).
Then we have T ∈ H1,2C (T rsX) (or ω ∈ H1,2C (
∧s T ∗X), respectively).
Proof. We give a proof in the case when r = 0, s = 1, i.e. ω := T is a differential
one-form on X only because the proof in the other case is similar.
Before starting the proof, we first recall several properties on the regular set R of X .
The regular set R is defined by the set of points x ∈ X such that every tangent cone at
x is isometric to the n-dimensional Euclidean space. Then it is known that R is an open
subset of X and that R is a smooth manifold with a C1,α-Riemannian metric gR on R
for any α ∈ (0, 1) such that the induced distance dR on R coincides with the restriction
of the original distance d on X to R. See [ChC97, Theorem 7.2] and [ChC00a, Corollary
3.10] for the detail.
We now prove the following:
Claim 4.6. If ω has compact support in the regular set R of X, then ω ∈ H1,2C (T ∗X).
The proof is as follows.
By taking a partition of unity of R by smooth (or C2) functions, without loss of
generality we can assume that there exists a smooth coordinate patch Φ : U → Rn of R
such that suppω ⊂ U . Let
ω =
n∑
i=1
gidfi,
where Φ := (f1, . . . , fn) and gi ∈ L∞(U) with the compact supports in U . Moreover
without loss of generality we can assume that fi ∈ C∞c (R), where C∞c (R) denotes the
set of smooth functions on R with compact supports. In particular fi ∈ D2(∆, X) with
∆fi ∈ L∞(X).
Therefore we have 〈ω, dfi〉 ∈ H1,2(X). Note that the matrix valued function
(Gij)ij (x) := (〈dfi, dfj〉(x))ij
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is invertible for every x ∈ U , that 〈dfi, dfj〉 ∈ C1(U) ∩ L∞(U), and that
gi =
n∑
j=1
Gij〈ω, dfj〉,
where (Gij)ij is the inverse matrix of (Gij)ij. Since gi has compact support in U , we have
gi ∈ H1,2(X) ∩ L∞(X).
Then there exist sequences gi,j ∈ LIP(X) with
sup
i,j
||gi,j||L∞ <∞
such that gi,j → gi in H1,2(X). Let
ωj :=
n∑
i=1
gi,jdfi.
By applying the existence of an H1,p-approximation (3.2) to gi,j (or Corollary 3.10 and
Proposition 3.13), it is easy to check that ωj ∈ H1,2C (T ∗X). Thus from Leibniz’z rule,
we see that ωj is a Cauchy sequence in H
1,2
C (T
∗X) and that ωj → ω in L2(T ∗X). Thus
ω ∈ H1,2C (T ∗X). Thus we have Claim 4.6.
From now on we finish the proof of Proposition 4.5.
By [ChN14, Theorem 1.4] since
dimH (X \ R) ≤ n− 4,
it is not difficult to check that the canonical embedding
H1,2c (R) →֒ H1,2(X) (52)
is isomorphic, where H1,pc (R) is the completion of the set of Lipschitz functions on R with
compact supports, denoted by LIPc(R), with respect to the norm (9).
For reader’s convenience we give a proof of (52) as follows; let us recall the definition
of the Sobolev 2-capacity c2(E) of a subset E of X ;
c2(E) := inf
u∈A(E)
‖u‖2H1,2(X),
where
A(E) := {u ∈ H1,2(X); u ≥ 1 on a neighbourhood ofE}.
See for instance [KM96, (1.4)] for the definition of the Sobolev p-capacity and see also
[KZ08, Theorem 1.0.6] for the equivalence between several definitions of Sobolev spaces.
Since Hn is Ahlfors n-regular on X , we have for some C > 0
c2(E) ≤ CHn−2(E)
for any E ⊂ X . See [KM96, 4.13 Theorem] for the proof. In particular we have c2(X\R) =
0. Thus there exists a sequence ψi ∈ H1,2(X) such that ψi ∈ A(X \ R) and that ψi → 0
in H1,2(X). Without loss of generality we can assume that 0 ≤ ψi ≤ 1 and that ψi ≡ 1
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on a neighbourhood of X \ R because the truncated functions ψi ∧ 1∨ 0 also converge to
0 in H1,2(X). Let φi := 1− ψi.
In order to finish the proof of (52) we need to check that for any f ∈ LIP(X) we have
f ∈ H1,2c (R). For any f ∈ LIP(X) let us consider the sequence φif ∈ H1,2(X). Since
X \ R is a compact subset of X and φi ≡ 0 holds on a neighbourhood of X \ R, we have
φif ∈ H1,2c (R). Moreover since
|∇(φif)| ≤ |∇φi||f |+ |φi||∇f |
with f ∈ L∞(X) and 0 ≤ φi ≤ 1, we see that supi ‖φif‖H1,2(X) < ∞ and that φif → f
in L2(X). Then by Mazur’s theorem we have f ∈ H1,2c (R), which completes the proof of
(52).
Let ωˆi := φiω. Since
〈ωˆi, df〉 ∈ H1,2(X)
for every f ∈ D2(∆, X) with ∆f ∈ L∞(X), Claim 4.6 yields ωˆi ∈ H1,2C (T ∗X). By the
compatibility of the covariant derivatives between Gigli’s one in [G14] and the author’s
one in [H14a] proven in [H14b] (see also Proposition 4.2), since
∇ωi = ω ⊗ dφi + φi∇ω,
we have
sup
i
||ωˆi||H1,2C <∞.
Since ωˆi → ω in L2(T ∗X), we see that ω belongs to the closure of TestForm1(X) in
W 1,2C (T
∗X) with respect to the weak topology (recall that in the original definition of
a ‘H-Sobolev space’ in [G14] by Gigli is defined by the closure of a test class in a ‘W-
Sobolev spaces’ with respect to the strong topology. In particularH1,2C (T
∗X) is the closure
of TestForm1(X) inW
1,2
C (T
∗X) with respect to the strong topology). Since TestForm1(X)
is a linear subspace ofW 1,2C (T
∗X), ω belongs to the closure of TestForm1(X) inW
1,2
C (T
∗X)
with respect to the strong topology (c.f. Mazur’s theorem), i.e. ω ∈ H1,2C (T ∗X). This
completes the proof. 
Remark 4.7. Under the same setting as in Proposition 4.5, by the existence of an
H2,2-approximate sequence (3.1), it is easy to check that the following three conditions
are equivalent.
(i) The assumption (50) (or (51), respectively) holds.
(ii) For every S ∈ TestT rsX (or S ∈ TestForms(X), respectively),
〈T, S〉 ∈ H1,2(X) (53)
holds.
(iii) (53) holds for every S ∈ T˜estT rsX (or S ∈ ˜TestForms(X), respectively).
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Moreover by an argument similar to the proof of [H14b, Corollary 6.6] it is not difficult
to check that if one of conditions above holds, then (i) of Proposition 4.5 holds.
Proposition 4.8. Let Xi be a sequence in M, let X ∈ M be the Gromov-Hausdorff
limit, let λi be a bounded sequence in R≥0, let ωi be a sequence in C
∞(T ∗Xi) with
1
Hn(Xi)
∫
Xi
|ωi|2dHn = 1
and ∆H,1ωi = λiωi, and let ω be the L
2-weak limit on X. Then we have the following.
(i) The limit λ := limi→∞ λi exists.
(ii) We have ω ∈ D2(∆H,1, X) ∩ L∞(T ∗X) with
||ω||L∞ ≤ C(n,K1, d, µ) (54)
and
∆H,1ω = λω, (55)
where µ is an upper bound of λ.
(iii) ωi, dωi, δωi,∇ωi L2-converge strongly to ω, dω, δω,∇ω on X, respectively.
Proof. Note that (i) was already proven in [H14b, Theorem 1.12]. Thus we first prove
(ii).
For that, by [H14b, Theorems 1.12, 7.8 and Proposition 7.1], it suffices to check that
ω ∈ H1,2H (T ∗X) holds.
Let f ∈ D2(∆, X) with ∆f ∈ L∞(X), and let g := ∆f . By the existence of an L2-
approximate sequence [H15, Proposition 3.56], There exists a sequence gi ∈ L2(Xi) such
that gi L
2-converges strongly to g on X and that∫
Xi
gidH
n = 0.
Since the sequence gˆi ∈ L∞(Xi) defined by
gˆi(x) :=

||g||L∞ if gi(x) ≥ ||g||L∞,
gi(x) if |gi(x)| < ||g||L∞,
−||g||L∞ if φi(x) ≤ −||g||L∞,
L2-converges strongly to g on X , without loss of generality we can assume that
sup
i
||gi||L∞ <∞
(c.f. [H15, Proposition 3.24]). Moreover by the smoothing via the heat flow, without loss
of generality we can assume that gi ∈ C∞(Xi).
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Let fi := ∆
−1gi ∈ C∞(Xi). From the Lipschitz regularity of solutions of Poisson’s
equations (2.2) and Theorem 2.12, we see that
sup
i
||∇fi||L∞ <∞
and that Hessfi L
2-converges strongly to Hessf on X .
On the other hand, L∞-estimates of eigen-one-forms in [H14b, Proposition 7.17] yields
sup
i
||ωi||L∞ <∞.
Therefore we have
sup
i
||∇〈ωi, dfi〉||L2 <∞.
Since 〈ωi, dfi〉 L2-converges strongly to 〈ω, df〉 on X , the Rellich compactness theorem
(2.3) yields 〈ω, df〉 ∈ H1,2(X). Therefore Propositions 4.2 and 4.5 yield ω ∈ H1,2C (T ∗X).
Thus we have (ii).
By (ii), [H14b, Theorems 1.11, 7.8 and 7.22] yield that ωi, dωi, δωi L
2-converge strongly
to ω, dω, δω on X , respectively and that ∇ωi L2-converges weakly to ∇ω on X . By
Theorem 1.11 and Corollary 3.10, since∫
Xi
|∇ωi|2dHn =
∫
Xi
(|dωi|2 + |δωi|2 − 〈RicXi, ωi ⊗ ωi〉) dHn
→
∫
Xi
(|dω|2 + |δω|2 − 〈RicX , ω ⊗ ω〉) dHn
=
∫
X
|∇ω|2dHn
as i→∞, we see that ∇ωi L2-converges strongly to ∇ω on X . Thus we have (iii). 
The following completes the proof of Theorem 1.1 for ∆H,1.
Theorem 4.9 (Spectral convergence of the Hodge Laplacian). Let Xi be a sequence in
M and let X ∈M be the Gromov-Hausdorff limit. Then
lim
i→∞
λH,1k (Xi) = λ
H,1
k (X)
for every k ≥ 1. Moreover if ω ∈ L2(T ∗X) is the L2-weak limit of a sequence of λH,1k (Xi)-
eigen-one-forms ωi ∈ C∞(T ∗Xi) of ∆H,1 with
1
Hn(X)
∫
X
|ωi|2dHn = 1,
then we see that ω is a λH,1k (X)-eigen-one-form of ∆H,1, that ωi, dωi, δωi,∇ωi L2-converge
strongly to ω, dω, δω,∇ω on X, respectively, and that
||ω||L∞ ≤ C(n,K1, d, α), (56)
where α is an upper bound of λH,1k (X).
RICCI CURVATURE 55
Proof. We first prove the upper semicontinuity:
lim sup
i→∞
λH,1k (Xi) ≤ λH,1k (X). (57)
Let ǫ > 0, let Ek be a k-dimensional subspace of H
1,2
H (T
∗X) with
sup
η∈Ek
RH,1(η) ≤ λH,1k (X) + ǫ,
and let {ωi}dimEki=1 be a basis of Ek. By (ii) of Theorem 3.5, there exist sequences ωi,j ∈
C∞(T ∗Xj) such that ωi,j, dωi,j, δωi,j L
2-converge strongly to ωi, dωi, δωi onX , respectively.
Let Ek,j := span{ωi,j}dimEki=1 . Note that dimEk,j = k for every sufficiently large j. Since
it is easy to check that
lim
i→∞
sup
η∈Ek,i
RH,1(η) = sup
η∈Ek
RH,1(η), (58)
we have
lim sup
i→∞
λH,1k (Xi) ≤ lim sup
i→∞
(
sup
η∈Ek,i
RH,1(η)
)
= sup
η∈Ek
RH,1(η) ≤ λH,1k (X) + ǫ.
Since ǫ is arbitrary, we have the upper semicontinuity (57).
Next we prove the lower semicontinuity:
lim inf
i→∞
λH,1k (Xi) ≥ λH,1k (X). (59)
Let k ≥ 1. For every l ≤ k, let ωl,i be a sequence of λH,1l (Xi)-eigen-one-forms of ∆H,1
in C∞(T ∗Xi) with ||ωl,i||L2 = 1. By Proposition 4.8 with the upper semicontinuity (57),
without loss of generality we can assume that there exist ωl ∈ D2(∆H,1, X) such that
ωl,i, dωl,i, δωl,i L
2-converge strongly to ωl, dωl, δωl on X , respecctively. In particular the
space Ek := span{ωl}kl=1 is k-dimensional.
Let Ek,i := span{ωl,i}kl=1. Since it is easy to check that (58) also holds in this setting,
we have
lim inf
i→∞
λH,1k (Xi) = lim infi→∞
(
sup
η∈Ek,i
RH,1(η)
)
= sup
η∈Ek
RH,1(η) ≥ λH,1k (X).
Thus we have the lower smicontinuity (59). Moreover the argument above also completes
the proof of the rest of statements in Theorem 4.9. 
Remark 4.10. Note that most results given in [H14b] are on general Ricci limit spaces.
We say that a compact metric measure space (X, υ) is a an (n,K)-Ricci limit space if there
exist a sequence of real numbers Ki with Ki → K, and a sequence of n-dimensional closed
Riemannian manifolds Xi with RicXi ≥ Ki(n− 1) such that (Xi, Hn/Hn(Xi)) GH→ (X, υ).
By an argument similar to the proof Theorem 4.9 with [H14b], we have the following:
(i) For a Ricci limit space (X, υ) with diamX > 0 the same conclusions as in Theo-
rem 4.3 hold.
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(ii) Let (Xi, υi) be a sequence of (n,K)-Ricci limit spaces and let (X, υ) be the
Gromov-Hausdorff limit with diamX > 0. Then we have the upper semicon-
tinuity of the spectrum:
lim sup
i→∞
λH,1k (Xi) ≤ λH,1k (X). (60)
Note that by using (ii) above with Gromov’s compactness theorem, we can prove the
following estimate:
λH,1k (X) ≤ C(n,K, τ, d, k) (61)
for every (n,K)-Ricci limit space (X, υ) with 0 < τ ≤ diamX ≤ d, and every k ≥ 1.
In particular we can choose a constant in the right hand side of (56) depending only on
n,K1, d, k, v.
We now give a proof of (61) as follows.
Assume that the assertion (61) is false. Then there exists a sequence (Xi, υi) of (n,K)-
Ricci limit spaces with τ ≤ diamXi ≤ d such that
lim
i→∞
λH,1k (Xi) =∞. (62)
Gromov’s compactness theorem states that there exist a subsequence i(j) and the Gromov-
Hausdorff limit (X, υ) of (Xi(j), υi(j)) with τ ≤ diamX ≤ d. The upper semicontinuity
(60) with (62) yields
λH,1k (X) =∞.
This is a contradiction.
Remark 4.11. This remark is based on referee’s comments. I would like to thank the
referee for suggestions.
By the proof of Theorem 4.9 (more precisely, by the proof of Proposition 4.5), even if
we consider the following setting, we have the same conclusion as in Theorem 4.9 except
for the L2-strong convergence of ∇ωi, i.e. the spectral convergence of ∆H,1 also holds.
(i) Let Xi be a sequence of n-dimensional closed Riemannian manifolds with RicXi ≥
K, and let X be the noncollapsed compact Gromov-Hausdorff limit.
(ii) There exists an open subset O of X such that the following two conditions hold;
(a) there exist {r(x)}x∈O ⊂ R>0 and {φxi }x∈O,i=1,2,...,n ⊂ D(∆, X) such that
Br(x)(x) ⊂ O, that 〈∇φxi ,∇φxj 〉 is continuous onBr(x)(x) and that {(Br(x)(x), φx)}x∈O
is a C1-atlas of O, where φx := (φx1 |Br(x)(x), . . . , φxn|Br(x)(x));
(b) the inclusion
H1,2c (O) →֒ H1,2(X)
gives an isomorphism between them.
Note that the second condition (b) is satisfied if Hn−2(X \ O) = 0 holds. See [KKM00,
Theorem 4.6], [KM96, Theorem 4.13], and [Sh01, Theorem 4.8].
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We end this subsection by giving a proof of Theorem 1.5.
Proof of Theorem 1.5.
Since (5) is a direct consequence of Theorem 4.9, it suffices to check the equivalence
between (6) and (7).
Assume that (6) holds. Then Theorem 4.9 implies that
µH,1(Xi)→ µH,1(X).
In particular this with Claim 4.4 yields that (7) holds.
Next we assume that (7) holds. Then by Claim 4.4 µH,1(Xi) does not converge to 0.
In particular applying Theorem 4.9 for all zero eigenvalues with (5) yields that (6) holds.
This completes the proof. .
4.2. Spectral convergence of the connection Laplacian. In this section we finish
the proofs of Theorems 1.1 and 1.2.
Definition 4.12 (Connection Laplacian). Let X ∈ M. We denote by D2(∆C,(r,s), X)
(or D2(∆C,s, X), respectively) the set of T ∈ H1,2C (T rsX) (or ω ∈ H1,2C (
∧s T ∗X), respec-
tively) such that there exists Tˆ ∈ L2(T rsX) (or ωˆ ∈ L2(
∧s T ∗X), respectively) satisfying∫
X
〈∇T,∇S〉dHn =
∫
X
〈Tˆ , S〉dHn
(or ∫
X
〈∇ω,∇σ〉dHn =
∫
X
〈ωˆ, σ〉dHn,
respectively) for every S ∈ H1,2C (T rsX) (or σ ∈ H1,2C (
∧s T ∗X), respectively). Since Tˆ (or
ωˆ, respectively) is unique if it exists, we denote it by ∆C,(r,s)T (or ∆C,sω, respectively).
Proposition 4.13. We have D2(∆C,1, X) = D2(∆H,1, X). Moreover for every ω ∈
D2(∆C,1, X), we have
∆H,1ω = ∆C,1ω + RicX(ω
∗, ·).
Proof. Let ω, η ∈ H1,2C (T ∗X) (recall that by Corollary 3.10,H1,2C (T ∗X) = H1,2H (T ∗X)).
Theorem 3.11 yields∫
X
(〈dω, dη〉+ (δω)(δη)) dHn =
∫
X
(〈∇ω,∇η〉+ 〈RicX , ω ⊗ η〉) dHn.
This gives Proposition 4.13. 
Proposition 4.14. Let M be an n-dimensional closed Riemannian manifold with
RicM ≥ K and diamM ≤ d, let α ≤ β, and let T ∈ C∞(T rsM) (or T ∈ C∞(
∧s T ∗M),
respectively) be an α-eigen-tensor field of ∆C,(r,s), i.e. ∆C,(r,s)T = αT , (or an α-eigen-s-
form of ∆C,s, respectively) with
1
Hn(M)
∫
M
|T |2dHn = 1.
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Then
||T ||L∞ ≤ C(n,K, d, β).
Proof. We give a proof in the case of ∆C,(r,s) only because the proof in the other case
is similar. Since
−1
2
∆|T |2 = |∇T |2 − 〈∆C,(r,s)T, T 〉
≥ −α|T |2
≥ −β|T |2,
Li-Tam’s mean value inequality in [LT91, Theorem 1.1] (or [L08, Corollary 3.6]) gives
|T |2 ≤ C(n,K, d, β) 1
Hn(M)
∫
M
|T |2dHn ≤ C(n,K, d, β).

Remark 4.15. By an argument similar to the proof of Theorem 3.11 we have the
following:
Let X ∈ M and let T ∈ D2(∆C,(r,s), X) (or T ∈ D2(∆C,s, X), respectively). Then we
see that |T |2 ∈ D2n/(2n−1),1(∆, X) and that
−1
2
∆|T |2 = |∇T |2 − 〈∆C,(r,s)T, T 〉
(or
−1
2
∆|T |2 = |∇T |2 − 〈∆C,sT, T 〉,
respectively) on X a.e. sense.
Proposition 4.16. Let Xi be a sequence in M, let X ∈ M be the Gromov-Hausdorff
limit, let λi be a bounded sequence in R≥0, let Ti be a sequence in C
∞(T rsXi) (or in
C∞(
∧s T ∗Xi), respectively) with
1
Hn(Xi)
∫
Xi
|Ti|2dHn = 1
and ∆C,(r,s)Ti = λiTi (or ∆C,sTi = λiTi, respectively), and let T be the L
2-weak limit of Ti
on X. Then we have the following:
(i) The limit λ := limi→∞ λi exists.
(ii) We have T ∈ D2(∆C,(r,s), X) ∩ L∞(T rsX) (or T ∈ D2(∆C,s, X) ∩ L∞(
∧s T ∗X),
respectively) with
||T ||L∞ ≤ C(n,K1, d, µ) (63)
and
∆C,(r,s)T = λT (64)
(or ∆C,sT = λT , respectively), where µ is an upper bound of λ.
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(iii) Ti,∇Ti L2-converge strongly to T,∇T on X, respectively.
Proof. We give a proof in the case of ∆C,(r,s) only because the proof in the other case
is similar.
By the tensor fields version of Proposition 4.2 (see [H14b]) with an argument similar to
the proof of (ii) of Proposition 4.8, since it is not difficult to check that the assumption
of Proposition 4.5 for T holds, we see that T ∈ H1,2C (T rsX), that Ti L2-converges strongly
to T and that ∇Ti L2-converges weakly to ∇T on X .
Let i(j) be a subsequence of N. Then there exists a subsequence j(l) of i(j) such
that the limit liml→∞ λj(l) exists. Let S ∈ TestT rsX . By Theorem 3.5 there exists a
sequence Sj(l) ∈ C∞(T rsXj(l)) such that Sj(l),∇Sj(l) L2-converge strongly to S,∇S on X ,
respectively.
Since ∫
Xj(l)
〈∇Tj(l),∇Sj(l)〉dHn = λj(l)
∫
Xj(l)
〈Sj(l), Tj(l)〉dHn,
letting l →∞ yields ∫
X
〈∇T,∇S〉dHn =
(
lim
l→∞
λj(l)
) ∫
X
〈S, T 〉dHn.
Thus T ∈ D2(∆C,(r,s), X) with ∆C,(r,s)T =
(
liml→∞ λj(l)
)
T . In particular liml→∞ λj(l) =
||∆C,(r,s)T ||L2. Since i(j) is arbitraly, we have (i).
On the other hand, (ii) and (iii) follow from (i), Proposition 4.14 and the equalities
1
Hn(Xi)
∫
Xi
|∇Ti|2dHn = 1
Hn(Xi)
∫
Xi
〈Ti,∆C,(r,s)Ti〉dHn = λi.

By Propositions 4.14, 4.16 and an argument similar to the proof of Theorem 4.9, we
have the following:
Theorem 4.17. Let X ∈M. Then we have the following.
(i) (Finite dimensionalities of eigenspaces) For every α ≥ 0, the spaces
EC,(r,s)α := {T ∈ D2(∆C,(r,s), X);∆C,(r,s)T = αT}
and
EC,sα := {ω ∈ D2(∆C,s, X);∆C,sω = αω}
are finite dimensional.
(ii) (Discreteness and unboundedness of the spectrums) The sets of spectrums of
∆C,(r,s) and ∆C,s,
SC,(r,s) := {α ∈ R≥0;EC,(r,s)α 6= {0}},
SC,s := {α ∈ R≥0;EC,sα 6= {0}},
are discrete and unbounded.
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(iii) (Densities of eigenspaces) The sets
EC,(r,s) :=
⊕
α≥0
EC,(r,s)α
and
EC,s :=
⊕
α≥0
EC,sα
are dense in H1,2C (T
r
sX) and in H
1,2
C (
∧s T ∗X), respectively.
(iv) (Spectral convergence of the connection Laplacian) Let us denote the spectrums
of ∆C,(r,s) and ∆C,s by
0 ≤ λC,(r,s)1 ≤ λC,(r,s)2 ≤ · · · → ∞
and
0 ≤ λC,s1 ≤ λC,s2 ≤ · · · → ∞
counted with multiplicities, respectively. If Xi
GH→ X in M, then
λ
C,(r,s)
k (Xi)→ λC,(r,s)k (X)
and
λC,sk (Xi)→ λC,sk (X)
hold for every k ≥ 1. Moreover if T ∈ L2(T rsX) (or T ∈ L2(
∧s T ∗X), respec-
tively) is the L2-weak limit of a sequence of λ
C,(r,s)
k (Xi)-eigen-tensor fields Ti ∈
C∞(T rsXi) of ∆C,(r,s) (or λ
C,s
k (Xi)-eigen-differential s-forms Ti ∈ C∞(
∧s T ∗Xi)
of ∆C,s, respectively) with
1
Hn(Xi)
∫
Xi
|Ti|2dHn = 1,
then we see that T is a λ
C,(r,s)
k (X)-eigen-tensor field of ∆C,(r,s) (or a λ
C,s
k (X)-
eigen-differential s-form of ∆C,s, respectively), that Ti,∇Ti L2-converge strongly
to T,∇T on X, respectively, and that
||T ||L∞ ≤ C(n,K1, d, α),
where α is an upper bound of λ
C,(r,s)
k (X) (or λ
C,s
k (X), respectively).
Note that Proposition 4.14, Theorems 4.9 and 4.17 imply Theorems 1.1 and 1.4
Remark 4.18. By an argument similar to the proof of Theorem 4.3 with Remark
4.10, for a Ricci limit space (X, υ) with diamX > 0, similar finite dimensionalities of
eigenspaces, discreteness and unboundedness of spectrums, densities of eigenspaces in
Sobolev spaces hold for ∆C,(r,s) and ∆C,s.
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We end this subsection by giving a proof of Theorem 1.3.
Proof of Theorem 1.3.
The proofs of the existence upper bounds C2 are similar to an argument in Remark
4.10. Thus we give a proof of the existence of lower bounds C1 in the case of ∆H,1 only
because the proofs in other cases are also similar.
The proof is done by a contradiction. Assume that the assertion is false. Then there
exist a sequence of positive integers li with li →∞, and a sequence Xi ∈M such that
sup
i
λH,1li (Xi) <∞. (65)
By the compactness ofM, without loss of generality we can assume that the limit X ∈M
of Xi exists. (v) of Theorem 1.1 with (65) yields
sup
k
λH,1k (X) <∞.
This contradicts (iv) of Theorem 1.1. .
4.3. Noncollapsed Ka¨hler Ricci limit spaces with bounded Ricci curvature.
4.3.1. Ricci potential. In this section we consider the following setting:
(4.1) Let Xi be a sequence in M and let X ∈M be the Gromov-Hausdorff limit.
(4.2) Let Ji be a sequence of complex structures on Xi such that (Xi, gXi, Ji) is a Ka¨hler
manifold.
(4.3) Let J ∈ L2(EndTX)(≃ L2(TX ⊗ T ∗X)) be the L2-weak limit of Ji on X .
Then by [ChC97, ChCT02], we see that J has the C1,α-regularity on R for every α ∈ (0, 1)
(see also [DS14]).
In this section we use standard notation in Ka¨hler geometry. For example the gradient
of a function f is denoted by
gradf
instead of ∇f , the Hermitian metric hX of X is defined by
hX(v, w) := gX(v, w),
and so on.
On the other hand, we defined in [FHS15] the notion of Lp-convergence for C-valued
tensor fields with respect to the Gromov-Hausdorff topology, and gave applications. We
introduce several results of them.
Let
(T rs )CX := T
r
sX ⊗R C.
We denote the canonical Hermitian metric on (T rs )CX by (hX)
r
s. Let L
p
C
((T rs )CA) be the
set of Lp-sections to (T rs )CX over a Borel subset A of X . In particular if r = s = 0, i.e.
in the case of C-valued functions, then Lp
C
(A) denotes the set of C-valued Lp-functions
on A.
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The following were key notions in [FHS15]:
Definition 4.19. [FHS15]
(i) (Lp-convergence of C-valued tensor fields) Let R > 0, let p ∈ (1,∞), let xi GH→ x,
where xi ∈ Xi and x ∈ X , and let Ti be a sequence in LpC((T rs )CBR(xi)). Then we
say that Ti L
p-converges weakly (or strongly, respectively) to a C-valued tensor
field T ∈ Lp
C
((T rs )CBR(x)) on BR(x) if T
Re
i , T
Im
i L
p-converge weakly (or strongly,
respectively) to TRe, T Im on BR(x), respectively, where T
Re is the real part of T
and T Im is the imaginary part of T . See [FHS15, Definition 2.5].
(ii) (Sobolev spaces) For any p ∈ (1,∞) and open subset U of X , let H1,p
C
(U) be the
set of f ∈ L2
C
(U) such that fRe, f Im ∈ H1,p(U). See subsetion 2.1 in [FHS15].
(iii) (C-valued Laplacian) Let D2
C
(∆, U) be the set of f ∈ H1,2
C
(U) such that there
exists g ∈ L2
C
(U) such that∫
U
h∗X(df, dh)dH
n =
∫
U
ghdHn
for every h ∈ LIPc,C(U), where LIPc,C(U) is the set of C-valued Lipschitz func-
tions on U with compact supports, and h∗X is the canonical Hermitian metric on
T ∗X , i.e. h∗X = (hX)
0
1. Since g is unique if it exists, we denote it by ∆f or, by
∆Cf . See [FHS15, Definition 3.2] and (iv) of Proposition 4.20.
(iv) (∂-Laplacian) Let D2
C
(∆∂, U) be the set of f ∈ H1,2C (U) such that there exists
g ∈ L2
C
(U) such that∫
U
h∗X(∂f, ∂h)dH
n =
∫
U
ghdHn
for every h ∈ LIPc,C(U). Since g is unique if it exists, we denote it by ∆∂f . See
[FHS15, Definition 3.5].
Proposition 4.20. [ChC97, ChCT02, H15, H14b, FHS15] We have the following.
(i) J is the L2-strong limit of Ji on X.
(ii) ∇J = 0.
(iii) The sequence of Ka¨hler forms ωXi of Xi L
2-converges strongly to the Ka¨hler form
ωX of X defined by
ωX(v, w) := gX(Jv, w).
(iv) Let f ∈ L2(U). Then the following three conditions are equivalent:
(a) f ∈ D2
C
(∆∂, U).
(b) f ∈ D2
C
(∆, U).
(c) fRe, f Im ∈ D2(∆, U).
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Moreover, if one of the conditions above holds, then
∆Cf = ∆f
Re +
√−1∆f Im
= ∆Cf
Re +
√−1∆Cf Im
= 2∆∂f
Re + 2
√−1∆∂f Im = 2∆∂f.
Proof. [H14b, Theorem 6.19] yields (i) and (ii) (note that (ii) also follows from
[ChC97, ChCT02]). On the other hand [FHS15, Proposition3 3.3 and 3.6] yields (iv).
Since X is the noncollapsed limit of Xi, by [H15, Theorem 1.2], gXi L
2-converges
strongly to gX on X . Thus this with [H15, Proposition 3.70] and (i) yields (iii). 
As a corollary of (iv) of Proposition 4.20, for every f ∈ D2
C
(∆, X), we see that f is
weakly twice differentiable on X in the sense of [H14a]. In particular ∂f is differentiable
on U a.e. sense. Thus
d∂f = ∂∂f ∈ L2
C
((T ∗X)′ ∧ (T ∗X)′′)
is well-defined and can be written by using the Hessian of f , defined by Hessf := HessfRe+√−1Hessf Im , as follows:
√−1∂∂f(v, w) = 1
2
(Hessf (Jv, w)−Hessf(v, Jw)) , (66)
where (T ∗X)′ := {v ∈ T ∗X ; J∗v = √−1v}, (T ∗X)′′ := {v ∈ T ∗X ; J∗v = −√−1v} and
J∗ is the dual complex structure of J of T ∗X by the Riemannian metric gX .
Proposition 4.21. Let fi be a sequence in D2C(∆, Xi) with
sup
i
(
||fi||L2
C
+ ||∆fi||L2
C
)
<∞,
and let f ∈ D2
C
(∆, X) be the L2-weak limit on X. Then ∂∂fi L
2-converges weakly to
∂∂f on X. Moreover if ∆fi L
2-converges strongly to ∆f on X, then ∂∂fi L
2-converges
strongly to ∂∂f on X.
Proof. By the L2-weak convergence of Hessians in [H14b, Theorem 4.13], we see that
Hessfi L
2-converges weakly to Hessf on X . Thus (i) of Proposition 4.20, (66) and [H15,
Proposition 3.48] yield that ∂∂fi L
2-converges weakly to ∂∂f on X .
Moreover, assume that ∆fi L
2-converges strongly to ∆f on X . Then Theorem 2.12
yields that Hessfi L
2-converges strongly to Hessf on X . Thus applying [H15, Proposition
3.70] with (66) yields that ∂∂fi L
2-converges strongly to ∂∂f on X . 
Proposition 4.22 (Ricci form). Define the Ricci form RicωX ∈ L∞C (
∧2 T ∗
C
X) of X by
RicωX (v, w) :=
1
2
(RicX(Jv, w)− RicX(v, Jw)) .
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Then RicωXi L
2-converges weakly to RicωX on X. In particular
RicωX (v, w) = RicX(Jv, w). (67)
Moreover RicωXi L
2-converges strongly to RicωX on X if and only if RicXi L
2-converges
strongly to RicX on X.
Proof. By Theorem 1.11, (i) of Proposition 4.20 and [H15, Proposition 3.48], we see
that RicωXi L
2-converges weakly to RicωX on X .
On the other hand, by [H15, Proposition 3.70], if RicXi L
2-converges strongly to RicX
on X , then RicωXi L
2-converges strongly to RicωX on X . From now on we check that if
RicωXi L
2-converges strongly to RicωX on X , then RicXi L
2-converges strongly to RicX
on X .
For that we need the following.
Claim 4.23. For a.e. x ∈ X, we see that RicωX (u′, u′) = RicX(u, u) for every u ∈ TxX,
where u = u′ + u′′ is the decomposition of u by
TCX = T
′X ⊕ T ′′X,
T ′X := {v ∈ TX ; Jv = √−1v} and T ′′X := {v ∈ TX ; Jv = −√−1v}. In particular
trCRicωX =
1
2
sX ,
where trC is the (complex) trace, i.e.
trCRicωX (x) =
∑
i
RicωX (ei, ei),
and {ei}i is an orthogonal basis of T ′xX.
The proof is as follows. Recall that this holds on a smooth Ka¨hler manifold (c.f. page
6 in [T99]). Thus for any convergent sequences xi,j
GH→ xi, where xi,j ∈ Xj and xi ∈ X ,
since
1
Hn(Br(x1,j))
∫
Br(x1,j)
RicωXj (grad
′ rx2,j , grad
′ rx3,j)dH
n
=
1
Hn(Br(x1,j))
∫
Br(x1,j)
RicXj (grad rx2,j , grad rx3,j )dH
n
for every r > 0 (recall that rx is the distance function from x), by letting j → ∞ and
r → 0 with the Lebesgue differentiation theorem, we have
RicωX (grad
′ rx2 , grad
′ rx3)(x) = RicX(grad rx2, grad rx3)(x) (68)
for a.e. x ∈ X , where we used the fact that grad′ rxi,j L2-converges strongly to grad′ rxi
on X (see [H15, Proposition 3.44] and [FHS15, Proposition 2.7]).
Recall that for a.e. x ∈ X , there exist y1, . . . , yn ∈ X such that
TxX = spani{grad ryi(x)}
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(c.f. [H11, Theorem 3.1]). Thus this with (68) yields Claim 4.23.
Note that by an argument similar to that above we have (67).
We are now in a position to finish the proof of Proposition 4.22. Assume that RicωXi
L2-converges strongly to RicωX on X .
Then Claim 4.23 yields that
lim
j→∞
∫
Br(x1,j)
|RicXj (grad rx2,j , grad rx3,j)|2dHn
= lim
j→∞
∫
Br(x1,j)
|RicωXj (grad′ rx2,j , grad′ rx3,j)|2dHn
=
∫
Br(x1)
|RicωX (grad′rx2, grad′rx3)|2dHn
=
∫
Br(x1)
|RicX(grad rx2, grad rx3)|2dHn (69)
for any xi,j
GH→ xi and r > 0.
By an argument similar to the proof of (25) (or [H14b, Theorem 6.9]) with (69), we
have
lim sup
i→∞
∫
Xi
|RicXi|2dHn ≤
∫
X
|RicX |2dHn.
Thus RicXi L
2-converges strongly to RicX on X . 
Proposition 4.24. Let U be an open subset of X and let f ∈ D2
C
(∆∂, U). Then
−trC
(√−1∂∂f) = ∆∂f. (70)
Proof. Recall that the real version of this statement was already known in [H14b, (1)
of Theorem 1.9]. Since the proof of Proposition 4.24 is essentially same to that, we give
a sketch of the proof only. It consists of three steps as follows.
(First step) Let p ∈ (1,∞), let Xi be a sequence in M with Xi GH→ X , let Ti be a sequence
of Ti ∈ Lp((T ∗Xi)′ ∧ (T ∗Xi)′′) and let T ∈ Lp((T ∗X)′ ∧ (T ∗X)′′) be the Lp-weak
limit on X . Then prove that trCTi L
p-converges weakly to trCT on X (c.f. [H15,
Proposition 3.72]).
(Second step) Assume that U = X . By using the continuity of solutions of Poisson’s equations
(2.8) and the elliptic regularity theorem, prove that there exists a sequence fi ∈
C∞
C
(Xi) such that fi, dfi,∆fi L
2-converge strongly to f, df,∆f on X , respectively.
Then since (70) holds on a smooth Ka¨hler manifold, Proposition 4.21 with the
first step yields (70) in the case when U = X .
(Final step) For general U , by using a good cut-off function constructed in [ChC96, Theorem
6.33] by Cheeger-Colding and the second step, complete the proof of Proposition
4.24.

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Remark 4.25. By the proof of Proposition 4.24, the same conclusion as in Proposition
4.24 holds even if (X, gX , J) is a noncollapsed Ka¨hler Ricci limit space in the sense of
[FHS15].
Theorem 4.26 (Ricci potential). Assume that for every i,
λiωXi ∈ 2πc1(Xi)
for some λi ∈ C, where c1(Xi) is the first Chern class of Xi. Then we have the following.
(i) (Existence) There exist λ ∈ C and F ∈ D2
C
(∆, X) such that
RicωX − λωX =
√−1∂∂F (71)
holds. Moreover λ is unique. In fact
λ =
1
2nHn(X)
∫
X
sXdH
n. (72)
We call F is a Ricci potential of (X, gX , J).
(ii) (Uniqueness) If F1 and F2 are Ricci potentials of (X, gX , J), then there exists
c ∈ C such that
F1 ≡ F2 + c.
(iii) (Lipschitz regularity) There exists R-valued Ricci potential F ∈ D2(∆, X) such
that F ∈ LIP(X) holds. Thus it is well-defined that a Ricci potential is said to be
normalized if ∫
X
eFdHn = Hn(X).
Since the normalized Ricci potential is unique, we denote it by FX for short.
Proof. We first prove the uniqueness of λ. By taking the (complex) trace of (71),
Proposition 4.24 yields
1
2
sX − nλ = −∆∂F.
Integrating this on X with the equality 2∆∂ = ∆ ((iv) of Proposition 4.20) yields the
uniqueness (72).
Next we prove (iii). It is well-known as ∂∂-lemma that for every i, there exists Fi ∈
C∞(Xi) with ∫
Xi
FidH
n = 0
such that
RicωXi −
(
1
2nHn(Xi)
∫
Xi
sXidH
n
)
ωXi =
√−1∂∂Fi. (73)
Thus by taking the trace of (73) we have
||∆Fi||L∞ ≤ C(n,K1, K2).
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Thus by the Lipschitz regularity of solutions of Poisson’s equations (2.2) we have
||∇Fi||L∞ ≤ C(n,K1, K2, d).
On the other hand, by the Rellich compactness theorem (2.3) and the closedness of the
Dirichlet Laplacian (2.4), without loss of generality we can assume that there exists the
L2-strong limit F ∈ D2(∆, X) of Fi on X . Thus letting i → ∞ in (73) with Theorem
1.12 and Proposition 4.21 yields (iii). In particular we have (i).
Finally we prove (ii). Since ∂∂F1 = ∂∂F2, by taking the complex trace of this, Propo-
sition 4.24 yields
∆∂F1 = ∆∂F2.
The equality 2∆∂ = ∆ yields that F1 − F2 is a harmonic function on X . Thus we have
(ii). 
Proposition 4.27 (Almost constant scalar curvature implies almost Einsten on a
singular space). Under the same assumption as in Theorem 4.26, if
1
Hn(X)
∫
X
|sX − c|2dHn ≤ ǫ
for some c ∈ R, then
1
Hn(X)
∫
X
|RicωX − λωX |2dHn ≤ ǫ+ C(n,K1, d)ǫ1/2.
In particular if sX ≡ c, then RicωX ≡ λωX .
Proof. Note that
1
Hn(X)
∫
X
∣∣∣∣sX − 1Hn(X)
∫
X
sXdH
n
∣∣∣∣2 dHn = infcˆ∈R
(
1
Hn(X)
∫
X
|sX − cˆ|2 dHn
)
≤ ǫ. (74)
Let F be the (R-valued) Ricci potential of (X, gX , J) with
1
Hn(X)
∫
X
FdHn = 0.
Then from (i) of Theorem 4.26 with (74) we have
1
Hn(X)
∫
X
|∆F |2dHn = 1
Hn(X)
∫
X
|sX − 2nλ|2dHn ≤ ǫ.
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Thus the Poincare´ inequality yields
1
Hn(X)
∫
X
|F |2dHn ≤ C(n,K1, d)
Hn(X)
∫
X
|∇F |2dHn
=
C(n,K1, d)
Hn(X)
∫
X
F∆FdHn
≤ C(n,K1, d)
(
1
Hn(X)
∫
X
|F |2dHn
)1/2(
1
Hn(X)
∫
X
|∆F |2dHn
)1/2
≤ C(n,K1, d)ǫ1/2
(
1
Hn(X)
∫
X
|F |2dHn
)1/2
.
Thus
1
Hn(X)
∫
X
|∇F |2dHn ≤ C(n,K1, d)ǫ1/2.
Theorem 1.9 yields
1
Hn(X)
∫
X
|HessF |2dHn = 1
Hn(X)
∫
X
(|∆F |2 − RicX(∇F,∇F )) dHn
≤ ǫ−K1 1
Hn(X)
∫
X
|∇F |2dHn
≤ ǫ+ C(n,K1, d)ǫ1/2.
Thus we have
1
Hn(X)
∫
X
|RicωX − λωX |2dHn =
1
Hn(X)
∫
X
|∂∂F |2dHn ≤ ǫ+ C(n,K1, d)ǫ1/2.

Corollary 4.28. Under the same assumption as in Theorem 4.26, if sX ∈ H1,2(X)
and
1
Hn(X)
∫
X
|dsX|2dHn ≤ ǫ,
then
1
Hn(X)
∫
X
|RicωX − λωX |2dHn ≤ C1(n,K1, d)ǫ+ C2(n,K1, d)ǫ1/2.
Proof. This is a direct consequence of Proposition 4.27 and the Poincare´ inequality.

We are now in a position to give the main result in this section, which gives an answer
to the question (Q2) in subsection 3.3.
Theorem 4.29. Under the same assumption as in Theorem 4.26, we see that FXi, dFXi
L2-converge strongly to FX , dFX on X, respectively and that ∆FXi ,HessFXi L
2-converge
weakly to ∆FX ,HessFX on X, respectively. Moreover the following four conditions are
equivalent:
(i) RicXi L
2-converges strongly to RicX on X.
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(ii) sXi L
2-converges strongly to sX on X.
(iii) ∆FXi L
2-converges strongly to ∆FX on X.
(iv) HessFXi L
2-converges strongly to HessFX on X.
Proof. By the proof of (iii) of Theorem 4.26, it suffices to check the equivalence
between (i), (ii), (iii), and (iv).
Theorem 2.12 yields that if (iii) holds, then (iv) holds.
On the other hand, as we claimed in subsection 3.3, if (i) holds, then (ii) holds.
Similarly by (1.3) if (iv) holds, then (iii) holds (c.f. [H15, Proposition 3.74]).
Next assume that (ii) holds. Then since
1
2
sXi −
1
2nHn(Xi)
∫
Xi
sXidH
n = −∆∂FXi ,
the equality ∆ = 2∆∂ yields that (iii) holds.
Finally assume that (iii) holds. Proposition 4.21 yields that ∂∂FXi L
2-converges strongly
to ∂∂FX on X . Since
RicωXi = ωXi +
√−1∂∂FXi,
by (iii) of Proposition 4.20, we see that RicωXi L
2-converges strongly to RicωX on X .
Therefore, Proposition 4.22 yields that (i) holds. This completes the proof. 
Remark 4.30. We can define the bisectional curvature RbX of X on our setting (4.1)-
(4.3) by the standard way of Ka¨hler geometry:
RbX(u, u, v, v) := RX(α, β, β, α) +RX(α, Jα, Jβ, α),
where α, β ∈ TxX with α ⊥ β, |α| = |β| = 1,
u =
1√
2
(
α−√−1Jα)
and
v =
1√
2
(
β −√−1Jβ) .
Then by arguments similar to the proofs of Theorems 1.6 and 1.7, we can prove that
RbX ∈ Lq for any q < 2 and that they behave continuously with respect to the Lq-weak
topology.
4.3.2. Fano-Ricci limit spaces. In this subsection, besides (4.1)-(4.3), we add the following
assumption:
(4.4) Xi is a Fano manifold with ωXi ∈ 2πc1(Xi) for every i.
Note that the equation of the Ricci potential is
RicX − ωX =
√−1∂∂FX (75)
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and that the following Weitzenbo¨ck formula on the smooth setting is known:∫
Xi
|∆FXi
∂
fi|2dHnFXi =
∫
Xi
|∇′′grad′fi|2dHnFXi +
∫
Xi
|∂fi|2dHnFXi (76)
for every fi ∈ C∞C (Xi), where dHnFXi := e
FXidHn (see page 41 in [Fut88]).
In [FHS15, Theorem 4.1] we established the following Weitzenbo¨ck inequality:∫
X
|∆FX
∂
f |2dHnFX ≥
∫
X
|∇′′grad′f |2dHnFX +
∫
X
|∂f |2dHnFX (77)
holds for every f ∈ D2
C
(∆FX
∂
, X) without the assumption of a uniform upper bound on
Ricci curvature, and gave applications to the study of holomorphic vector fields, where
D2
C
(∆FX
∂
, X) is the domain of the weighted Laplacian ∆F
∂
, and ∇′′grad′f ∈ L2
C
(T ′
C
X ⊗
(T ∗
C
X)′′) is defined by satisfing∫
X
f0 gX(∇′′grad′f, gradf1 ⊗ df2) dHn
=
∫
X
(−div(f0 grad′′f2) gX(V, gradf1)− f0 gX(V,∇grad′′f2gradf1) dHn
for any fi ∈ TestCF (X) := {f = fRe +
√−1f Im; fRe, f Im ∈ TestF (X)}. We skip the
definition of the divergence.
Note that D2
C
(∆F
∂
, X) = D2
C
(∆, X) with
∆FX
∂
f = ∆∂f − h∗X(∂f, ∂FX). (78)
for every f ∈ D2
C
(∆, X) on our setting, and that ∇′′grad′ f coincides with the ordinary
one on a smooth setting, i.e. it is the (1, 1)-part of ∇∇f . See subsections 3.1 and 3.3 in
[FHS15] for the detail.
The main result of this section is the following Weitzenbo¨ck formula on our setting
which was announced in [FHS15]:
Theorem 4.31 (Weitzenbo¨ck formula). For every f ∈ D2
C
(∆, X), we see that ∇′′grad′f
coincides with the (1, 1)-part of ∇∇f and that∫
X
|∆FX
∂
f |2dHnFX =
∫
X
|∇′′grad′f |2dHnFX +
∫
X
|∂f |2dHnFX
holds.
Proof. From the proof of the Weitzenbo¨ck inequality (77), there exists a sequence of
fi ∈ C∞C (Xi) such that fi, ∂fi,∆Fi∂ fi L2-converge strongly to f, ∂f,∆F∂ f onX , respectively
and that ∇′′grad′fi L2-converges weakly to ∇′′grad′f on X . (iv) of Proposition 4.20,
Theorem 4.29 and (78) yield that ∆fi L
2-converges strongly to ∆f on X .
Thus by Theorem 2.12, Hessfi L
2-converges strongly to Hessf on X . In particular (1, 1)-
parts of ∇∇fi L2-converges strongly to that of ∇∇f on X (c.f. [FHS15, Proposition 2.7]).
Since ∇′′grad′fi coincides with the (1, 1)-part of ∇∇fi, by letting i → ∞ in (76), this
completes the proof. 
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Corollary 4.32. For every f ∈ D2
C
(∆, X), the following two conditions are equiva-
lent:
(i) ∇′′grad′f = 0 with ∫
X
fdHnFX = 0.
(ii) ∆FX
∂
f = f .
Proof. It suffices to check that if (i) holds, then (ii) holds (c.f. [FHS15, Corollary
4.2]).
Assume that (i) holds. Then by Theorem 4.31 we have∫
X
(∆FX
∂
f)(∆FX
∂
g)dHnFX =
∫
X
(hX)
1
1(∇′′grad′f,∇′′grad′g)dHnFX +
∫
X
h∗X(∂f, ∂g)dH
n
FX
=
∫
X
h∗X(∂f, ∂g)dH
n
FX
=
∫
X
f∆FX
∂
gdHnFX (79)
for every g ∈ D2
C
(∆, X).
Let h ∈ L2
C
(X) with ∫
X
hdHnFX = 0,
and let k := (∆FX
∂
)−1h (c.f. [FHS15, Proposition 3.16]). Then applying (79) for g = k
yields ∫
X
(∆FX
∂
f − f)hdHnFX = 0.
Since h is arbitrary and ∫
X
(∆FX
∂
f − f)dHnFX = 0,
we have (ii). 
In [FHS15] we gave the notion of an almost smooth Fano-Ricci limit space which is
closely related to Q-Fano varieties (see Section 5 in [FHS15] for the precise definition).
We end this subsection by giving a sufficient condition for being an almost smooth Fano-
Ricci limit space on our setting.
Corollary 4.33. Assume that (R, gX |R, J |R) is a smooth Ka¨hler manifold and that
every holomorphic function on R is constant. Then (X, gX , J, FX) is an almost smooth
Fano-Ricci limit space in the sense of [FHS15].
Proof. By Proposition 1.16, the equation (75) and the elliptic regularity theorem, we
see that FX is smooth on R.
On the other hand, by an argument similar to the proof of [FHS15, Proposition 6.1], if
u ∈ H1,2
C
(X) satisfies that grad′u|R is a holomorphic vector field, then u ∈ D2C(∆, X) =
D2
C
(∆FX
∂
, X). This completes the proof. 
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5. Questions
In this section we give several open problems.
First, recall that Naber gave in [N13] a notion of bounded Ricci curvature on a metric
measure space:
−κ ≤ Ric ≤ κ (80)
for κ ≥ 0, via the analysis of the path space. Moreover he shows the compatibility between
(80) and an RCD-condition.
(Q5.1) Are there any relationships between our Ricci curvature bounds and Naber’s one?
Second, we discuss the first Betti number. It is unknown that there exists a noncollapsed
Gromov-Hausdorff convergent sequence with bounded Ricci curvature such that the Betti
numbers does not converge that of the limit. Moreover we do not know whether the first
Betti number of every X ∈M in the ordinary sense is finite. Note that as we mentioned
in Section 1, Gigli proved that h1(X) coincide with his first Betti number, that is, the
dimension of the first de Rham cohomology group defined in [G14] by him.
(Q5.2) For every X ∈ M, does h1(X) coincide with the first Betti number in the ordinary
sense?
(Q5.3) In Theorem 1.5, does the continuity of h1 with respect to the Gromov-Hausdorff
topology always hold? Moreover is it true for a noncollapsed Gromov-Hausdorff
convergent sequence under a uniform lower bound of Ricci curvature?
The following are on spectral convergence.
(Q5.4) Do the spectral convergence of ∆H,1, ∆C,(r,s) and ∆C,s hold for a noncollapsed
Gromov-Hausdorff convergent sequence under a uniform lower bound of Ricci
curvature?
(Q5.5) Does Theorem 2.12 hold for a noncollapsed Gromov-Hausdorff convergent se-
quence under a lower Ricci curvature bound?
The question (Q5.5) is related to the question (Q5.4) because if the question (Q5.5)
has a positive answer and the following (⋆) holds, then (Q5.4) also has a positive answer
by arguments similar to the proofs of Theorems 1.1 and 1.2.
(⋆) Let Xi be a sequence of n-dimensional closed Riemannian manifold with RicXi ≥
K, and let X be the noncollapsed Gromov-Hausdorff limit. Let λi be a bounded
sequence inR, let Ti be a sequence of λi-eigen-one-forms (or λi-eigen-tensor fields,
respectively) of ∆H,1 (or ∆C,(r,s), respectively) and let T be the L
2-strong limit of
them on X . Then T ∈ H1,2C (T ∗X) (or T ∈ H1,2C (T rsX), respectively).
We end this section by giving a remark on the question (Q5.5). (Q5.5) has a positive
answer if (Xi, υi) is isometric to (X, υ) for every i because of Bochner’s inequality ([G14,
Corolalry 3.3.9] or [H15, Theorem 1.4]). It is worth pointing out that the noncollapsing
assumption is essential. We give an example.
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Let Xr be the spherical suspension of S
1(r). Then it is easy to check that for every 0 <
r ≤ 1, Xr is the Gromov-Hausdorff limit of a sequence of 2-dimensional closed Riemannian
manifolds Xr,i with curvature bounded below by 1. In particular (Xr, H
2/H2(Xr)) is a
(2, 1)-Ricci limit space (see Remark 4.10 for the definition of Ricci limit spaces). By
the compactness of measured Gromov-Hausdorff convergence in [Fuky87], there exists a
sequence of positive numbers rj → 0, a subsequence i(j) and a Radon measure υ on [0, π]
such that (
Yj,
H2
H2(Yj)
)
GH→ ([0, π], υ),
where Yj := Xrj ,i(j). In particular ([0, π], υ) is also a (2, 1)-Ricci limit space. Note that
the limit measure υ does not coincide with the one-dimensional Hausdorff measure H1
because it is easy to check that
lim
t→0
υ(Bt(0))
t
= 0.
Let fj ∈ C∞(Yj) be a sequence of λ1(Yj)-eigenfunctions with
1
H2(Yj)
∫
Yj
|fj|2dH2 = 1.
Without loss of generality we can assume that the L2-strong limit f of fj on X . Then
we see that f is a 2-eigenfunction of the Dirichlet Laplacian ∆υ with respect to υ, that
∆fj (= λ1(Yj)fj) L
2-converges strongly to ∆υf (= 2f) on X , and that Hessfj does not
L2-converge strongly to Hessf on X . See [H15, Remarks 4.32 and 4.33].
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